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1 5.3 The Poisson summation formula

The definition of the Fourier transform was motivated by the desire for a con-
tinuous version of Fourier series, applicable to functions defined on the real line.

Aim : Show that there exists a further remarkable connection between the
analysis of functions on the circle and related functions on R. (The relationship
between Fourier series and Fourier analysis) Wish to construct a ”period ver-
sion” form of f)?

1.1 *Prerequisite

S(R): (the Schwartz space on R consists of the set of all indefinitely dif-
ferentiable functions f and all its derivatives f,f ,---,f®, ... are rapidly
decreasing sup,cg|z|*|fV (z)| < oo, Vk,1 > 0)

*function on a circle:f(0) = F(e'?), which means it is periodic on R of period
27, it almost preserves continuous and differentiable. It is equivalent between
2m-periodic functions and function on the circle.

1.2 Poisson summation formula

The construct of periodization
Given a function f € S(R) on a real line, we can construct a new function on
the circle by the recipe

Fi(z)= Y flz+n),

n=—oo

F, is called the periodization (or periodic summation) of f.



Propertyl : Fy is continuous.

pf. The function is indefinitely differentiable, so they are continuous. And by
Weierstrass and f € S(R), we know Y - f(x + n) converges uniformly. By
theorem 15.3.2 (Analysis) , F is continuous. O

Property2 : Fy is periodic with period 1.
pf. Fi(x + 1) = Fi(z) because ¢ :  + 1 — x is a bij.. O

To arrive another ”period version” of f, by Fourier Analysis
Consider the discrete analogue of

f(a) = / f(e)emicea,

then the integral is replaced by a sum

FQ(JU) — Z f(n)€27rinm _ Z 62772'711/ f(m)€72m'nxd$.
Propertyl : F5 is continuous.
pf. Similar to Propertyl of Way1, since f € S(R). O
Property2 : Fy is periodic with period 1.
pf. Similar to Property2 of Wayl. O

The Poisson summation formula tells us that the F; and F5 actually lead to
the same function.

Theorem 3.1 (Poisson summation formula)
If f € S(R), then

S farmy= Y fmeine

In particular, setting x = 0 we have

Yo fm= Y fn).

n=—oo n=—oo

It means the Fourier coefficients of the periodization of f are given precisely by
the values of the Fourier transform of f on the integers.

pf-

Theorem?2.1 in Chapter 2 (Suppose that f is an integrable function on the circle
with f(n) = 0 for all n € Z. Then f(f) = 0 whenever f is continuous at
fo.) tells us that to prove the equality, we only need to show that both sides
have the same Fourier coefficients (viewed as functions on the circle), for



Fourier transform is linear. Clearly, the mt" Fourier coefficient of the right-hand
is f(m). For the left-hand side we have

I

i /1 f(z +n)e 2™me dg
0

n=—oo

o0 n+1
> [ swemmay

/_ Fy)e2mm dy
f(m)

= Fg(m)

Z*ql(m):‘/0 ( Z f(x—i—n)) e 2mime g,

n=-—oo

where the interchange of the sum and integral is permissible since f is rapidly
decreasing. (By Weierstrass, y .- f(z + n) uniformly converges. And
f(z + n) is integrable on [a,b]. Through Analysis Thm 15.3.6 , we know that
they can interchange) O

The theorem extends to the case when we merely assume that both f and f are of
moderate decrease ( f is continuous and 34 > 0 s.t. |f(z)] < TAZLQ,V&U € R).
(Summation uniformly converges and function integrable??)

It turns out that the operation of periodization is important in a num-
ber of questions, even when the Poisson summation formula does not apply.

Ex. f(z)=2,2#0,Y, - =mcotnz, when x ¢ Z.

x+n

[e%s) 2
Brx.f(z)=25,2#0,> " (x_ﬁn)Q = Geingmy?s When z ¢ 7.

1.3 Theta and zeta function

Def. We define the theta function ¥(s) for s > 0 by

I(s) = Z e,

n—=—oo

Note. s > 0 ensures the absolute convergence of the series. To apply the
Poisson summation formula and ensure J(s) € S(R).

Properties of theta function:
Theorem3.2 /s9(L) = J(s) whenever s > 0.



—7'('512

pf. A simple application of the Poisson summation formula to f(z) = e

and f(¢) = ﬁe‘”%. (Both in Schwarz space)

S ofmy= 3 e = 3 d(n);

n=-—oo n=-—oo n=—o0o

Yo=Y vert=vi Y ad)

- n=—oo n=—oo

O

The Theta function ¥(s) also extends to complex values of s when Re(s) > 0,
and the function is still valid then.
pf. Ensure the absolute convergence. O

The theta function is intimately connected with an important function in num-
ber theory, the zeta function

=3 -,

n=1

for Re(s) > 1.
Later we will see that this function carries essential information about the prime
numbers (see Chapter 8).

It also turns out that (, ¥ and another important function I' are related by
the following identity:

1 oo
TGKE =5 [ 706 - D
Tz 2 2 Jo
which is valid for s > 1.
o I'(z) = [T t7 te ! dt, Re(s) > 1.



pf.

1 o s_q o 1 o t_1 - —mn?t
5/0 t3 (ﬂ(t)fl)dtfi/o t> (n;me —1)dt

— 1/Oot;—l(i e—wn2t+ i e—ﬂnzt)dt
2 0 n=1

n=-—oo
00
s _ 2
t3 1 E e ™ tdt
n=1

oo 00
= Z/ 3o gy
0

oo
0

Il
S—

And

Returning to the function ¢, define the generalization

oo
@(Z|T) _ Z eiﬂ'n2-r€27rinz

n=—oo

whenever Im(7) > 0 and z € C. Taking z = 0 and 7 = is we get O(z|7) = V(s).
So the above equation can be expressed by

1.4 Heat kernels

Another application related to the Poisson summation formula and the theta
function is the time-dependent heat equation on the circle (P118).
A solution to the equation

ou_ o
ot Ox2



subject to u(z,0) = f(x), where f is periodic of period 1, was given by the
previous chapter by

u(z,t) = (f * Hy)(x)
where H(z) is the heat kernel on the circle, that is,

— —4r?n?t 2winx
Hy(z) = Z e e .

Note. O(z|dmit) = Hy(x).

Also, recall that the heat equation on R gave rise to the heat kernel

1 .2
’Ht(:c):\/me it

where Hy(€) = e 47 €7,

The fundamental relation between these two objects is an immediate conse-
quence of the Poisson summation formula:

Theorem3.3 The heat kernel on the circle is the periodization of the heat kernel
on the real line:

Hy(z)= Y Hilx+n).

n=—oo

pf. Ht(m) — ZOO 6—47\'2n2t627rimc — 2007 f,ﬁ[t(n)e%rinx — 2007 th(w +

n=—oo n=—oo n=—oo

n). O

And we also can prove that H;(z) is a good kernel on the circle:

Corollary3.4 The kernel Hy(z) is a good kernel for ¢ — 0.

pf. We already observed that flel H(x)dx = 1. Now note that H; > 0, which
>3

is immediate from the above formula since H; > 0.
We claim that when |z| < 3,

Hi(z) = He(z) + &),

where the error satisfies |e;(z)] < cie~F with ci,ca>0and 0 <t <1,
To see this, note again that the formula in the theorem gives

Hy(z) = He(z) + Z Hi(x +n);

nl>1

therefore, since |z| < 1,

]. x4n)? ]. an
ge(x) = o Zef(tt) SC’%ZefT.

In|>1 n>1
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2 2 c
Note that 2 > n? and > % whenever 0 <t <1,s0e ¢+ <e 2te" 2

[N1[5Y

1 c 2 €2 c
er(z)| < C—e™ 2 e 2" <c¢e T (Since —e 2" € S(R)).
lee(z)] < i %:1 <a ( (R))
As avesult [, 1 le(z)ldz — 0 ast— 0.
—=2
So [ 1 |He(z)|dz — 0 as t — 0 because H; does. O
n<|z|<5

1.5 Poisson kernels

In a similar manner to the discussion above about the heat kernels, we state the
relation between the Poisson kernels (P55) for the disc and the upper half-plane
where

1—72
1 — 2rcost +r?

Po(0) =) rirlem? =

ne”Z

(0 <r < 1)(By Lemma 5.5)

and
1y
771‘2"‘3/2.

Py(z) =

Theorem3.5 P,(2rx) =Y, o, Py(x +n) where r = e~ 27V,
pf. P.(2mx) = ZnEZ e 2mInlyg2mine while ZnEZ Py(z+n) = ZnEZ e~ 2minly g2mine
P.(27x). O

2 5.4 The Heisenberg uncertainty principle

The mathematical thrust of the principle can be formulated in terms of a rela-
tion between a function and its Fourier transform. The basic underlying law,
formulated in its vaguest and most general form, states that a function and its
Fourier transform cannot both be essentially localized. Somewhat more pre-
cisely, if the “preponderance” of the mass of a function is concentrated in an
interval of length L, then the preponderance of the mass of its Fourier transform
cannot lie in an interval of length essentially smaller than L=! (or ¢L=1?) . The
exact statement is as follows.

(Wikipedia) By Wikipedia, it can be described as the more accurately one
property is measured, the less accurately the other property can be known.
Furthermore, this property can be explained by Fourier transform.

TheoremA.1 Suppose ¢ € S(R) which satisfies the normalizing condition [~ |(z)|?dz =
1. Then

([ wwpa [ ebers >

— 00



and equality holds iff ¢(x) = Ae=B2* where B > 0 and |A|2 = /2B,
In fact, we have

o0 oo 1
(| @=aollo@ian [ (€ aliors) >
for Vzq, & € R.
pf.
1= [ s
< d
= el @, - [ i)
=— /Oo x%w(az)ﬁdx (Since 1 € S(R), we have z|(z)|? |I_7C>O

oo d .
- / v (@)0e)ds

- / (@0 (@)(@) + 20 @ (@))de (]2 = D)

— 00

<2 f el (@) 1) ldz

< 2(/ |x\2|¢(w)|2dx)%(/ |¢/(;v)|2dx)% (By Cauchy — Schwarz inequality)

— 00

For the property of Fourier transform and the Plancherel formula (If f € S(R),
then || f |I=|| f |I-), we have

/_ ' (2)Pda = 4r? / €214 (0)|2de.

By Prop.1.2(iv) in Chapter 5, ¢/ (§)] = |2mii)(&)] = 2m&0)(€) = 2m€|(€)].
If equality hold, then we must also have equality where we applied the Cauchy-
Schwarz inequality, and as a result we find that ¢ () = Bay(zr) for some

constant . The solutions to this equation are 1)(z) = Ae?*=, where A is a
constant.
Since we want ¥ to be a Schwarz function, we must take f = —2B < 0, and

2B

since we impose the condition [ |¢(x)|?dz = 1 we find that |A]* = /22,

as was to be shown (which is a normal distribution, p = 0 and o = ﬁ7 thus

A=\/52)-
27
For the second inequality actually follows from the first by replacing ¥(x) b



e~ 2804 (29 + x) and changing variables.

/ 22| (x)|?de = / .132|€_27rm50¢(l‘0 + z)|2dx

- / (= wo)? [ 0=y () P

—0o0

o0
:/ (z — x0)?|th(x)|?dz(Since 2™ *0=)% ¢ K_ and Theorem.1.6)

/_ 214 (¢)Pde = /_ E1B(E + &) 2de

-/ (€ )PP

where R .
e—2mixéoq)(xg + x)(€) = (€ + &) (Prop.1.2 P136)

2.1 Application: in the study of quantum mechanics.

It arose when one considered the extent to which one could simultaneously lo-
cate the position and momentum of a particle.

Position of the particle
Assuming we are dealing with an electron that travels along the real line, then
according to the laws of physics, matters are governed by a “state function”
, which we can assume to be in S(R), and which is normalized according to the
requirement that -
| WPk =1

— 00
The position of the particle is then determined not as a definite point x; instead
its probable location is given by the rules of quantum mechanics as follows:
The probability that the particle is located in the interval (a, b) is fab [¢(x)|?da.
In addition to the probability density |)(x)|?dx, there is the expectation of
where the particle might be. This expectation is the best guess of the position
of the particle, given its probability distribution determined by [ (x)|*dx, and
is the quantity defined by

T = /00 z|y(z)|*de.

This is learned by our Probability course. (How to calculate expectation from
discrete variables to continuous variables)



Variance is used to describe the uncertainty attached to our expectation.
Having determined that the expected position of the particle is x, the resulting
uncertainty is the quantity

GO

Notice that if ¢ is highly concentrated near 7, it means that there is a high
probability that z is near Z, and so Var is small, because most of the contri-
bution to the integral takes place for values of x near . Here we have a small
uncertainty. On the other hand, if ¢(x) is rather flat (that is, the probability
distribution |1 (z)|?dx is not very concentrated), then the integral Var is rather
big, because large values of (z — Z)? will come into play, and as a result the
uncertainty is relatively large.

It is also worthwhile to observe that the expectation x is that choice for which
the uncertainty [*_(z —)2|¢(z)[*dx is the smallest. Indeed, if we try to min-
imize this quantity by equating to 0 its derivative with respect to x, we find
that 2 [ _(z — T)[¢(x)|*dz = 0, which gives the formula of probability density.

@ = [ zlp()Pde = [ z|y(@)de =7 [ |¢(z)[Pde = T)

Momentum of the particle
The probability that the momentum & of the particle belongs to (a, b) is f; [ (€)]2dE

where 1/; is the Fourier transform of 1.

Useless......(By Wikipedia(Position and momentum spaces), in particular,
if a function is given in position space, f(r), then its Fourier transform obtains
the function in momentum space, ¢(p). Conversely, the inverse Fourier trans-
form of a momentum space function is a position space function.)

Combining these two laws with Theorem 4.1 gives 16% as the lower bound for
the product of the uncertainty of the position and the uncertainty of the momen-
tum of a particle. So the more certain we are about the location of the particle,
the less certain we can be about its momentum, and vice versa. However, we
have simplified the statement of the two laws by rescaling to change the units
of measurement. Actually, there enters a fundamental but small physical num-
ber called Planck’s constant. When properly taken into account, the physical
conclusion is

(uncertainty of position)(uncertainty of momentum) > 62"
T

3 6.1 Preliminaries
The setting in this chapter will be R%, the vector space of all d-tuples of real

numbers (x1,- -+ ,xq) with z; € R.
Addition of vectors is component-wise, and so is multiplication by real scalars.

10



Given z = (z1,--- ,74) € R, we define
o = (@} + -+ 3)2,

so that |z| is simply the length of the vector x in the usual Euclidean norm. In
fact, we equip R? with the standard inner product defined by

Ty =2x1Y1+ -+ ZTa¥a,

so that |z]? =z - z.
Given a d-tuple oo = (a1, -+ ,q) of non-negative integers (sometimes called a
multi-index), the monomial 2 is defined by

a __ 01 Q2 %)
T =X Ty~ - Ty"-

Similarly, we define the differential operator (%)a by

0 0 0 0 ol

aq 7)062 ad

)" = G s G ML M ST

where |a| = a1 + - -+ + ag4 is the order of the multi-index a.

3.1 Symmetries

Analysis in R?, and in particular the theory of the Fourier transform, is shaped
by three important groups of symmetries of the underlying space:

(i) Translations;

(ii) Dilations;

(iii) Rotations.

In R: We have seen that translations z — = + h, with A € R? fixed, and
dilations z — dz, with § > 0, play an important role in the one-dimensional
theory.

In R, the only two rotations are the identity and multiplication by —1.

However, in R? with d > 2 there are more rotations, and the understanding
of the interaction between the Fourier transform and rotations leads to fruitful
insights regarding spherical symmetries.

A rotation in R? is a linear transformation R: R? — R? which preserves
the inner product. In other words,

R(az + by) = aR(z) + bR(y),Vx,y € R% a,b € R,

R(z) - R(y) =z -y,Va,y € R4,

11



Equivalently, this last condition can be replaced by |R(z)| = |z| for all z € R? |
or Rt = R~! where R* and R~! denote the transpose and inverse of R, respec-
tively. In particular, we have det(R) = +1, where det(R) is the determinant of
R. If det(R) = 1 we say R is a proper rotation; otherwise, we say that R is
an improper rotation.

FEx1. In R, there are two rotations: the identity which is proper, and multi-
plication by —1 which is improper.

Ez2. The rotations in the plane R? can be described in terms of complex num-
bers. We identify R? with C by assigning the point (x,%) to the complex num-
ber z = x + iy. Under this identification, all proper rotations are of the form
2 — ze' for some ¢ € R, and all improper rotations are of the form z — Ze?
for some ¢ € R.

See Exercise 1 for the argument leading to this result.

Ezel. Suppose that R is a rotation in the plane R?, and let

()

denote its matrix with respect to the standard basis vector e; = (1,0) and
€y = (O, 1)

(a) Write the conditions R = R™! and det(R) = +1 in terms of equations in
a,b,c,d.

(b) Show that there exists ¢ € R such that a + ib = e*#.

(c) Conclude that if R is proper, then it can be expressed as z — ze'¥, and if
R is improper, then it takes the form z — Ze'?, where z = x — iy.
Ans: (a) a =d = cosf and b = —c = sinf; (b) e'¥ = cosp + ising;
(c) (x +iy)e? = (z + iy)(cosp + ising) = wcosp — ysing + i(zsing + ycosy),

det(R) = det | ¥ ¥

_ 2 2 — T (o et — (g
_sing cos (cosp)? + (siny) 1; (z —iy)e (z

iy) (cosp+ising) = xcosp+ysinp+i(zsing—ycosy), det(R) = det (Z?ﬁ:ﬁ _S(IZI;:O)
—(cosp)? — (sing)? = —1.

FEx3. Euler gave the following very simple geometric description of rotations
in R3 . Given a proper rotation R, there exists a unit vector v so that:
(i) R fixes 7, that is, R(y) = 7.
(ii) If P denotes the plane passing through the origin and perpendicular to =,
then R : P — P, and the restriction of R to P is a rotation in R2.
Geometrically, the vector 7 gives the direction of the axis of rotation. A proof
of this fact is given in Exercise 2. Finally, if R is improper, then —R is proper
(since in R3 det(—R) = —det(R)), so R is the composition of a proper rotation
and a symmetry with respect to the origin.

Eze2. Suppose that R : R? — R3 is a proper rotation.

12



(a) Show that p(t) = det(R — tI) is a polynomial of degree 3, and prove that
there exists v € S? (where S? denotes the unit sphere in R3) with

R(y) =1

[Hint: Use the fact that p(0) > 0 to see that there is A > 0 with p(A) = 0. Then
R — M is singular, so its kernel is non-trivial.]
(b) If P denotes the plane perpendicular to v and passing through the origin,
show that

R:P—P,

and that this linear map is a rotation. p(0) > 0 to see that there is A > 0 with

p(A) = 0. Then R — A is singular, so its kernel is non-trivial.
(b) Unsolved maybe for det(R) = 17.

Ez4. Given two orthonormal bases {ej,---,eq} and {e},---,e,} in R? | we
can define a rotation R by letting R(e;) = e, for i =1,--- ,d.
Conversely, if R is a rotation and {ej,---,eq} is an orthonormal basis, then
(€}, ,e,}, where e; = R(e;), is another orthonormal basis.

3.2 Integration on R,

Since we shall be dealing with
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