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已个人组clubs;

odd :
lb ecich cleub has an evbs rursibep ofroreronbers

12) every pairofchibsshareevensuumberofmeombess

了Club与dub不能相同,

marximal nuronsofchiobg?(containing a afurts withO onermbers]

evem"
)

elohodutsthars anooddrrvurmbser oftbreforbsars

18) every pairofchitbs share even ololmber of theembeks

moxirmal msimsofchttss?

若影公民ε Ci
, 那活的第可位是 !

,

若影 fCi, 那吃的第广位是 0
.

setsEE

µ。



Lecture Notes for [ 1
, § 5,5, 5, 6 ] .

② [ Hadvigap, 1944]:

Whaut is tke solishiorevesss brutertBes Elm) s.t
.

R"cam be dividealitoClr }sussetsRM= S, U … W Sacars S.t.noP

withimthe the saraveSiis atetmitcdistautsove ?

To solve the problersr, firstlyepterasingotingraptrtheoryLasrg uge :
shors to desoribe it better ?

The alistancer grayshinIR "hastheCinfinizesset
$
Masitsveptexset ;twopointsareadjacarut ift

0

olistamce is 8
.
Tthlhnit- alistance graph corres pormodls to 8= 1 .

河 0

θ

0 θ
0

0
0

Now thr moritser Cou) Hcrdwiges lsksestoletertocitheisthecrposolactticnaumbser of
0

0
0

0

the smaallesttheerarser of coloks Meadead to Label thhegrayd
'
g 0 O 0

the beshit- oli'stbilce grauph .

rerticas with colons git , mo two vertiverssharing the scerove eolge 至 可
σ

eave thhe satme colom θ 0
θ

θ
θ ω 0

WhenAz2( Gorrsiderioing tke prosheses in thheBlae] :
θ 0

0 ω

Ee.
5 . 5 . 1 E90 . 5分 。 卫

6
己

EAER
,

supposethe cobor ofA is x . Make

towo Eiroles of Macelichs I asrlrg tsy A esthheorigin .

比 ☆ε OA 演了,MoakeciroleofradiesIby PBcors
the oriagim .

Then me havr O, BEOEfA , BM DC☆
,
3 ☆ amol

Frosm the existen be of tersobbl atYor of l [ C, B] = 1 .

the pLascebytegdoldsrMens agons
,
with Thurs ,thecoloroftA, C .DanalB, C. 1B srrust be

olisessaetesrs sligtutly herssthhan Bree .
∴
. C (2] ≥4 differaut. GruypposertheGolomof Eis yandthe

colon of Bisz . Thhel the color of 3isa .

∴
. C12}≤] By induction, EBEOLA,3?,the wolor of Pis x ,

yut mmestIR, PaE OCB ]st . al lR, Pa}= 1
.

-3←
.

thrlongestolistan einside a crbevoitth cliatmeter oh is ials
.

Weworemndividetheersbrithethelongegt listasicebessthhertn f .Forgesroncol or : Mak= l , mode =
1
, I
=i

☆

,Wecassobiviole ceGelbr boittylicivrzetern
扒

Exe
,
5 . 5 . ☆ EEMB ≤

MI
, ( the chromatio mumber is fimize)

oto 缩3 =≡small cubestwitleliameterT
后. Andpaintthrron

Witth Idifferentcodor

The simpheswithhunitsidelengthhstrowsthat wehredotleasttht 1 Gotors. Bndby theiolesof Exe.5 .

5 .2Coan be aday
R

比的 M=2 比星如江二
ω

Bouned to M +B .

'
∴

…σ
0



CIMB☆ GMZ for swrrveconstasutC 30and call sulfifiesutbny Large m

197 a , Larmam amadRogersgiresthefirsthosbineamlowarBound ICns)amal an lupBer sovearal of (2 VIt OCu 3}
"

.

thast the true rate of grovoth of thhis frunctionisexponteshotial .

Taecasrinfinite
3setHC ,teasiealCoir. t.distoM oe betoeefsany throofitsBoisutsies ≥d .

Let Her)decrote the vurioor ofopers tBoolds of ralicuspaBoutcachpoiout inH.OBserve that H !☆
)

=

Let noo G Brthr Liufioniter) graphcrithvesrtex settH ,corsdtropoints coljacctot if their listatnGe is a a .

§irncrtheopesballsofraolishf abocet thepoiptsofHatedisjoint ,Glrrd At Bost9 " sreas BGobls fiti

Use this we Golon G bay
≤

g"cobors,Firrabby, forEeEt, finolapoiootGses EHrithindistarce← s from l ,a

the color of ilved Gisnce tbheroBessboellsofsraebices4 aBovotthe poissts of H ate dssjoiast, Bointscot vurritols

It rGes corofirroredbuy Frerralcasrd bhiilsorsits 1 98 , oas Gerfotherofiretsegoreerceofthbinoroodrelano

utr Itweorebor ( Isoor 7. 65) .

1981 , Fraurealatnolthrilsoncorufitrsrceal.

Thon .Forlarge tM,thechromaticnumbepofthevuiitolisterGd grphoretsisgrefeter than 1 . 20
.

Ebotr = CCg}

Bf .Ucit-alistance grephondtheohistaernce
- grcaphozn1anareisomorpthicfor t570 , so theirs oberotorotic

The ofistamce - 8 graphofsoce sustyget 5of the beshitcaebeI =O , igm traurs exporuternticolby lange

530 , bothere s oleperds on n .

Eaor susetSEIcorrespossds to asetsy 8tr HE
IIa?

,

Eg .

whenn=
3
,
2[n
] = {① ,

行
,红辩 , 行 ,

{ , 2 } ,
行 , 3 } ,{红 , 3 } , 年 1 .2 , 3 } 。

Ʃ

↑
( 0, θ, }&

率 } (
( ,,} 迎率 1

, 啊

红 , 骑

thervegrticesGlrer = 多0 . 啊
lo,1 , 3

We write =sfo]to inchicate the isverseofthiscorzespordesrce : s {9t ]onsistsof ⑰ ( 1
, L , ) }铅

公

—,…10
… ℃

x
the inajder e vectorsofthe treoorbersof oft. 野

公
10, 1 , 03

Let d ( fA ,B )denotethe I Eleolioleen ]olistane of the incilarce vectors of the sets A , BEfl
.

; ( 1 , } ,0 月房常 ,即

少

learby, d

( t, B}3 isthe size ofthe ymmetricdiffevenceof AandB. Cake sqruare ofthecoferonce ofodiff



olts is 0]

Asume mneforththat ft ie torumifurm . The AIAIPl = 2 I K - IAABpIlterminedhytheptuserionsiae,
J

1
目

游顺?

Than wecaos buse Avoiding oapounticuulardisterhcal lrmovesotsto
← awoiodiongs Gr Banticerlar integrsbetiom siae

.

Assverue for now thant n=4py for some prirsne p . get K=2p-
1 . Then the interseetions size to Beavoidedstronld be pt, tthis corresponads to alistarice

WeQ较化汹说 disssesnsioas of
(
e (邻aei系 , [P-7}一iforsh

≥2 L 2 P+ - ( P -1 ]= 2 p, p
.Witththisamoibeof parutmeters,thegrayphGpWeexasnineBrsveptexsetfEp= f14

Arnd tho sets A , B
E

ftpareadjacentif( 5 m } |=β -1.

We shabl pmove anexponentisel Lower Bobbsrol osn threornossratio ntearber XEsp] . Boen stmategy is toP
Am inalepessdeortsetinG is asvubsetWEW votrichsicodreces anerreptaysuabagrarppte

the sire of the largest indepeasdent set . deletitng regputicues ( alnal ttheitesiMsrideutedgas ☆

ig
Actrealby , Gom 5. 18 tobls hes that & 1 Sp )=15|≤ 2 ( 4Pp) .

the 9 blaceveuticersforoos amorsisomusn

irndepessalerot set for the resrerolized Petersos
Irsdeed, tbay thre defiritiorsofaojacessay in sp,thotowo onesorbers ofF GrophGB112 ,4]

,
its size is 9 .

iroterseft in precisalyprsolts' ; tResrch Con 5. 18 capplies . ,ThesizeoftheLargestirsdesenobesntsetin s ,isolemotesd by& C 号 ).

Brem fisearlstes is amaBlication of o都卫孕与

1 lpl (B了 ! P !Thous ,overave X (Gp3 ≥ a [Gp]
≥ !

1 )
)

=4
-114

p3 ) 14px3…1kp + ) —)

…)= ,iP
13p - 1)… ( 4 p+1 )

=

< P+ 1 > … 1 p
- 1}即 ( (即了! ]

=

Bystmiling 2 ?~π nley
"

,

Weheare
( 3P))! )
》~园 Bp>|

)
↑πp)

up>|P)PP
= 3 .(7 ) 口 (女)

「

7= 1688, and ( }4=1. 得 975… AS路 =0 . 866 号 …, loseo ( 6#=0 .877至 8 正… .

∴ Wehave(
3opb-3 1 . 13974

p'
( when p is sutficiently (arge)

That is XIGp33 1 . 13974pt ( owtkessp is sufficiently large?

This meoons the crrormaticrusomber ofthe olistasice- Opgraaphofthe setSLHpCR4pt is grelates thorm siss



( wheh pisLargeesrough ). It followsGLnB ? 1 . 339
?

"for oll n=4
p-
1 , ppriue and large emough .

By the derrsity of prince snobsmberrs,fxterrds thisteseft
to

proving, thert
GC

3331 .13 g " foroll

suutficientlyVargen .

The Prime Number Theoresm issepts for f830andsafficientylarge 4, thenoosberof prismessnotlorger
thar 4 is betwoes the Bowrods ( 6tE)T'.

Lot p be the largest primbs .t. 72 4p -4. Bythm, t 830,andeverysufficicsnthy large is ,Apiime nurmserp

betwees 11-E3 x and f .

Applying this to x
= 40

,
we find a prime number s.t . 11-ε) nc4pan, therefore

c( n ) > C(4p
1) > 1 . 13974p+> 1 . 1397

( 1 -) H
> 1 . 1 } 9

口

whes r is smooll arough .

Actmally ,wecoon aihieve the lower Bound 1 . 2
" ( Exe , 5 . 5 . 7. )

setting=
5

,s ,retrcave tomaximizr

α^ ( 1-x ] 1-a

B
β (5-β 35

β



Noting that I2x , setB=22 ,torhave α
*
( ( - α) 1

-a
( 1-agtsrecetres 5tsMorxisurs otiess a=4

4* gax
( 1 -2α]5-2

g
=

(4a]a [ 1-Ʃθ] 5
-20

.

Anol its rocaximal roalueis1 . 207….

By the Priome Numsenfhcoresm,
We CanseleetprisseB (lt OC) an .Goforlargein, the ofimbrrratio rourmbes ofthhe

grasts ofthe usritcorberi 5 6.2?
,
Aund thbretayConI31 .2

.

,

HOC1 ]

+ OC 1 } l ) ≤ 1.207 : 1 .007

)

,心an) 》,
)=化

( 心⑬ 后
β

* (

1 - )^^ββ1
-x)r
-an

四a了后,

Hadoriger 's greestion for Qn

- the sarce cpperbovesrol refrrairs valial

- the lower bovund fomp sare asetofpointswith inrational coonchinates mot in Qn

By Exe5 ,8 . ,lokele rrisdsvisisleby4 ,
Q

coutainsasisometriccopyofpr.

Create a 4Kx4k Matris Gormsisting of 4x4 diagomalBloolas Gbls Zeto else where.Easts rovs ofthee

Ratri' sbcashors,Gkad thdrowsarepeirbwiseOthogonel.

of .First ,LetM =Llt 8 ohoreBEG ≤Z ,OE4
.

As tke solatiom of 比 5 .5.7 , set α=☆=0 .1464… .

Seleot a porible nvern bbr pclosed to h 4h
,

By
5

its.6
, the choroMationuermber of theafistarne -opgraph onI(40,P-) is greeterthan1. 20741k .

By 4
.5 . 5 . 76, an isometric Gopy Tof房RL4k,pt]tesioles inQ 4KEQn.

The urit-distance graph on Tisisomorpthic to theodistere-opgraphonIL4k,P-5 ) ;therefore thecrromati

Mnber of the vai
'

t alistance graplh on sis greaterthars 1 - 2074
ks
1. 2

"

(for lange n) .



Irn 1981 ,FrarmalanalWilsonoxteroledtheismodreler RlW thon t0 prisme Bower modicthandreplared ry an ooll)

in § i5 . 9 . Their tesuet is a 1 . 15' lowerbomnd .ThiswayVopbecatmeapatiorcalnressssesandthe pfcaBovewertthrrogh .

I

teason thei' sBovesrolBecame slighutlyreakes is that tre oold Bowers ofo alo mot popvelate the set of integers asof

pthime srursssbers do
.

farifiedfporaatlyspnltriofodid .pisdithspothsorfars.bodis inipoepin s

anlsi( )
KathorarrodKalas strowead:somebodiesheeded tobesplit iroto expothshttally caary l .aidspieeers iof the

pieece coras to be redreceal .

Thhom (Katom-helai , 199a ☆hetflods themininial soerpsber st .Eset of ofiessicterIinRol Garrse3

svorcoblarslioesietad
. Theor flolBs I.是

rd
.

Iomtheottherfimection, ove harefid←ad .ISchramn 1988
,
E 870 ,sefficientbylourge d ,fld < (st

flald ssightbeclosedto Gass axposerstial founction oftheformGolforsors GonstcrontGo1 .

Consiodegs escetssets of theusritceBe " ={ 0 ,
}

d .Such d sub set Comresponals to A set systehm FE 是
[d]

S=SCFJCdtodemotethesetof incialeosce Wettors of theresmbersofI.If Fisl -uriformweobtail
Rω;sjon :

for anfA ,BE 5 6theccoxisnal dEA.B3ocClersbohen thhe sminismal IAMB 13 Z

Let 比C于☆= Mir 室 IAMB| : B , B ε 于 }
了 ↑

{ 0, ω, }
您率予

[ ( ,,1 }
迎,予

A partition ofS
5) into sets of srrcaller aliutmetersmeans F=F. U

… OFt
,

( 0. 1, }
@
¤

Ej ,MGxACA ,B) : EA, BE哥时打 maxdlA,B): EA ,B ε于房时于 ——
…,

”

四 “
×

11 , 0, 03

多峰
S,t. UL于 j }PUls3 for tj . 沿, ( 1 , ℃ ,0 }←房 ,即

10, 6 , 0}

iet gI于) denote the ssallast t sit . it possible .

Than fld3 ≥g<手3 for any SCzd
].

Y

Or WeCass associhte
Gowiththesetsystem5 inthe fobloowing boay

: the cosmbersof Fcate the ventioe

A. BEF aeaedjecerot
if IAMBFMCF ).Thhus g J isthe ohpobmaticrversbegsX14)(graphs, tapresented

We skalb constprroththesetystermFsitt theGraphGittepteseotsacconabing to
Dver

" mirs sosless irotars

adjoabeuttthelewrillseisomomphio to thefrapbs Gp oftheprecealingseftion . (represerrted thare by Gs



"

intorsebtion size = pt
"

adjaherst ruule.?Therefore thestronglortesBovestal On theEatotmrtiotnustBerofGp

x ( 9
p
)≥p

,≥
)71 - 13974p+ ( eq .

(* )) or 5.18 , Prop 2 . 35

rill apply toous groephG .

Assuosne formnowthat disoftheforom
(4Pd )forsorseprissbb nvurrmser p .

besetn =4 p-1 , K=2p- 1
,and

qtp =( Y?],bat x=( 型 ); S 0 | x |=(] = d .Oopsetysten FC 2
x

.

We shabl ossociatea setI (A)C2*withbabk AEflp .Thes F= { IDCA ] :AEH房 ,

MakecorrespossoleaceA rs ICA3S.t. IAMBEptiffI IBCAJMIOCBUI 手), EA ,BEfbp.

A sirmplecorstrohetIon:JBCA ] ={x ,}: EA,EIJIAYOLA ]is the setof thoseBGrlessebrtsfrozn[n]

Go ave braveBLA ]CX end F=系IOCA :AE ]isofbsrifomm with l= a( n-K].

ABICA]isI -H
.

Clai:A3 IEA]pesetrersljcrcbssoly .
1 A,Brknaelili

, l1 l '

ly,""Assverocd : IAAB ) = M CA, BE flp] 彡 ,

ThnZIAIn D( B |=Aun-zker) + Lk≡2( N -IK --1-784kanakerMli,llllnylll,
予 alscrveut

The mirsitorolfrs of IBCAJAIDEliscaftacitsedtodeerstrisasologedto{-段=☆十年[µ]= P一平, ie .G 比her

So G ≈ Gp ,

Thenwehev g/F)= x(G) = x ( Gp)≥p
》≥
.)

7 -
139holdeap

1

=1.Bwherp"
s

gpsutticutly larze

Siace arIod,fd3g ( 于 ) > L.9 } adhao} rdcompletingthet for cobldoftheformd =
1

4d] =(4p-3 (apt

blsisng the Prisne NolsorbagrTheorerss , weChesy olstond it to sobl ofisrerusions ofof .



Leotoere Notes fom [ 系 ] .

GD: 率veeticas of the standarol br-dicrrasiossolceobeofelgelegtlha Glrdcercteredcot theorsG { ( 1 , qa, …, ε的] : qi=± 1
,
θ可

OnthogonalP = (E
1
,E2 ,… ,En ) &Q = ( }

,
bz
,

…

,
S ): ☆ " Ei δr =0

(197a , Lapmas & Rogeng)Deterronihe egtisreatethe treax irouhbse rovatreben tMln ,ofo
two areot thro gon

cal
.

om is oodal ( IKEN ,M=2K+1 ) , m ( ak+1 ) =
22kt

!

.(the biggest set]

f" Eisimusthe thesumofoddnumbetofI andwen nunber of -f or ever nmberofI

Case 是
.
AKEN

,
M = 4K→2

.

M ( 4k+2}= 24k+?.

Bf: Ceven
3:

{ ( 8 , E 2 ,…: E &kts]: Ei= I holals amerets mumber oftimes } .

Fom P in Cevens, supBoseEi= I holads am of times ' ;fr QissCaven
4
,supposE8; = 1holds27oftimes .

And t

hoare ci = qi= 1 holols for ih tirres
.
Then

G|E+2

息 ; 息 i" = 比- (aM-u] - (2M-U} + (4|k+2-2m-2M+比] = H-2 m+ U -Σn+ U +4k+I-ƩH -2R+ M = 4 { k+比 -m-m ]+ 2≠ 0

ezzm
|

d|| 2nuzma…1 x

|= 11 × H )=y[) |=1(H *(-1)=|

:Atleast , inCavcnK2
,

Mo two vertices are orthogomal .

∴ (G|E+2] ≥24
kt,

删 wε= ( ε ,ε," ,E 4+2),tt i
=

| E , Eu ,"
,

E

2
k,-EtI,-Erkte. u

ht
)deeptbegfive

;
- E4k*)

,

Then obr.qq*= 0
,
and ]*

=
室 .

Sppose ICC
4k+
sandthereaateHoOrthogonalpointsin e .

Then I{ E* : EEe } ,

Bbv. ove have I
*
ne = ) and | C

*

|= 1 e 1 .

:
| C |≤ 五 -24 {c

+2

= 24
a+

,

D Case 系 . AKEN,
M = 41k

.

Larman and Rogers : large ks ,mak )aaop
Roll and

B
.Ftenkl : Ivasysmal )γ 7 DS. t

. MC4K} < [ 2- 3419
,

This papep
: The exaet vaalueof ror14k ) when kisthe power ofars oalod priroce .



ThnefauptoceEp ' sarlep 23,pprime

theM4k ←G ^14% )㉙hlds(十
—

—

1
To give a proof, weneedsosire cocking theoryvisiors of prosleen I

. 1 :

Acodehinaiysnereoflougth noverthealphabetsa,
ts

is a olletion eofseguencus

codewonds π=( x ,xx,
…

,xn)xiε { a ,b} i ,

f The IHcarmmsing )distanceoftwoconltworels x urel ty islefinedbydixiys = # i :λit

Note: a lLX ,
) ε {0 ,

1

,

:
n}

. dx ,yJ=
O 3 x-y.

For IEC
"

,
it can beseenasan code of length or over the calphabet { 1 , 一} .

OBv. ε= ( ε 1 , εz, … ,En ,= ( 51, 2 , … , 8 ]are OttHgOMal B Alr
,
当3= )

,

Ome of the primciphe problean ofcoding thheity :

Givataset DC单 1,2 , ,
n
}
, adertersroioreor astieotethel ror coxistecbsas tobessmber oMln . B 3of Goale

in a code f of lerngth tnsatisfyingdixiyJEDforalldistinot x
,

tL
.

A dacsical result gives:
Min,D )≤

Thea we can saym ( n)= m ( n . { (
,
2
,∵ n } - {经 } ) ,

Foreven n ,wehave min ) ≤Ʃ 品 (∵ )=
合”

( ∵ ] - 1 = 2
^
- 1 .

Then we can pore *fromthe following : ( Thm 1 . 6 we
'

ll
prove later-

SupposeKepx ,ppritme,P83, 283 , fis a coale of length l sit . ktdcx,ys holods fom abl

alistinctx.YEf .
Then

1 e1 ≤ 后
"(

清) holds .

It meansmll, { 1 ,
≥
,

…
,

l }- { k ,zk,… } ) ≤ 區“ (结) ,

proot ofThm

Suppose LCC
4k

contains no pair of orthogoral poirots. ie . fx,YEf , dix ;if ) #2k
,

Define Leven := { *= ( x , x 2,∵xn>ε C : # i : Xi= ) iseven } ,

lodd := { *= ( x , x 2,… ; xn } ε C : # i : xi = 1 is odd } ,

For PinCeven , suppose Ei = l holds 2 mof times ; frQ inovensupposeritIholads 2 nof times. Anal they
hareEi =Ei = Ihulds forutimes.Therlmueim-zn+u⑥①

L
, ↓

, dip .θ )iseven .

swen = 4|c-28M-ƩM+aH
,
ever .



For P in e
,odd supBose ai = 1 holds zrmtlof times ; fr Q in Codd , suppose GifI tholds 2Mtloftimes .

And they

haveEi =Ei = 1holdefin utimes. Then跳 liRomzmtrOOxIymmuzntre
2
,

d ( p, Q) iseven ,

Sur= 4k-是M一断+提到一定, ever .

:k oold : IIx.3tK, 21s, 3kolso, holds.

Define Levin
=
{ ( x ., …, Xn-) : ( x,

;

Xn)Eleven
,
xn=+ 1 }, Leven= { ( x, … ;Xm.): ( x 4,

∵

xn)ε lewen
,
Xc=
- 1 },

l
+
=

odd { ( x,… ;xn- , ) :(4 ,∵Xn )
εCodd,

xn =+1 }
,

I

=dd { [ x, …; xm-, ) : (
x

,

∵
xn) ε lodd , Xn= - 1 },

They atecodes offength ak- y the distaam ce of towo distionat codeworalsisrebas ofivisible byK.
: | e 1 ≤ 4

茫

*(
4

"
). ( Thm ( . 6)

And define D= { 18,; EEKJEC4
K:

$ : IEi≤ 4Kt
,
Ei=}l iseitherless thank or moretham 3 k} .

OGV . Dx,GED , dix,)C2 KOr AIx ,]>2k

. # Iak,1 >3
k
,Cormmos I a1

k
,cormmon 1 a(

:
. D contains no tro orthogonal veetors . { Sirmilatfor # Iak , | ak , # ask

,
&1 > 3k

,

101 =
系

}。 (型)
.

tthecaseI1

±1foro4lctrote thwn 3k
,

: 1 e 1 ≥ 4 茫( ),
: : 1e |=

4☆ *( )

Preffe
, Defim s$x) = { i = xi = 1 )

Define MIj ) a matnixwithsizeof IIx( 号 ) .TherowsofMij) are indexed by the codewords

of I , and the columus by the jelemert subsets of 1
,
2
, : lf ,

irrich means we can say
the

positiors of outsies irs the oreatrisos Ix;
A
). whosr' EIarnl is aj - elercesntssubssetof {! , , l }.
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THE INDEPENDENCE NUMBER OF THE ORTHOGONALITY

GRAPH IN DIMENSION 2k

FERDINAND IHRINGER AND HAJIME TANAKA

Abstract. We determine the independence number of the orthogonality graph
on 2k-dimensional hypercubes. This answers a question by Galliard from 2001
which is motivated by a problem in quantum information theory. Our method
is a modification of a rank argument due to Frankl who showed the analogous
result for 4pk-dimensional hypercubes, where p is an odd prime.

1. Introduction

The orthogonality graph Ωn has the elements of {−1, 1}n as vertices, and two
vertices are adjacent if they are orthogonal, in other words, if their Hamming dis-
tance is n/2. The graph Ωn occurs naturally when comparing classical and quan-
tum communication [3]. In particular, for n = 2k the cost of simulating a specific
quantum entanglement on k qubits can be reduced to determining the chromatic
number χ(Ωn) of Ωn [2, 9]. The graph Ωn is edgeless if n is odd, and is bipartite
if n ≡ 2 (mod 4). For n ≡ 0 (mod 4), Frankl [7] and Galliard [9] constructed an
independent set of Ωn of size

an := 4

n/4−1
∑

i=0

(

n− 1

i

)

,

and Galliard [9] asked in 2001 if this is the independence number α(Ωn) of Ωn

when n = 2k, k ! 2. Newman [15] and, according to [8, p. 275, Remark], Frankl
conjectured that this holds whenever n ≡ 0 (mod 4). See also [4]. Frankl [7] already
showed the conjecture in 1986 for all n = 4pk for k ! 1, where p is an odd prime. De
Klerk and Pasechnik [13] proved the conjecture for n = 16, i.e., that α(Ω16) = 2304,
using Schrijver’s semidefinite programming bound [16]. Furthermore, Frankl and
Rödl [8] showed that α(Ωn) < 1.99n if n ≡ 0 (mod 4). In this note, we apply
Frankl’s method from [7] to show the following:

Theorem. Let n = 2k for some k ! 2. Then α(Ωn) = an.

Together with the discussion in [9, Section 5.5], that is using χ(Ωn) ! 2n/α(Ωn),
our result implies an explicit version of Theorem 4 in [2]. Finding such an explicit
result is one motivation for Galliard’s work. See also [10, 12].

The first author is supported by a postdoctoral fellowship of the Research Foundation —
Flanders (FWO).

The second author is supported by JSPS KAKENHI Grant Number JP17K05156.
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2 FERDINAND IHRINGER AND HAJIME TANAKA

2. Proof of the Theorem

Let Aj be the 0-1-matrix indexed by the vertices of the hypercube Qn = {−1, 1}n

with (Aj)xy = 1 if x and y have Hamming distance j. The matrices Aj have n+ 1
common eigenspaces V0, V1, . . . , Vn, and in the usual ordering of the eigenspaces the
eigenvalue of Aj with respect to Vi is given by the Krawtchouk polynomial (see [5,
Theorem 4.2])

Kj(i) = Kj(i;n) :=
j

∑

h=0

(−1)h
(

i

h

)(

n− i

j − h

)

.

It is known that the orthogonal projection matrix Ei onto Vi has the entry (Ei)xy =
2−nKi(j) if x and y are at Hamming distance j [5, Theorem 4.2], so that we have
in particular rankEi = traceEi = Ki(0) =

(n
i

)

. The (n + 1)-dimensional matrix
algebra spanned by A0 = I, A1, . . . , An is called the Bose–Mesner algebra of Qn.

Assume now that n = 2k, k ! 3. (The result is trivial if k = 2.) Let C be an

independent set of Ω2k , and let C±
even, C

±

odd
⊆ {−1, 1}2

k
−1 be as in [7]: C+

even is
given by taking all the even-weight elements of C that end with +1, followed by
truncating at the last coordinate, and the other three are analogous. Let C′ be one
of these four families. Then the Hamming distances in C′ are even and unequal to
2k−1, so they lie in the following set:

(1) {2s : s = 0, 1, . . . , 2k−1 − 1, s $= 2k−2}.

Below we work with the Bose–Mesner algebra A ofQ2k−1. For everyM ∈ A , let
M denote the principal submatrix corresponding to C′. Consider the polynomial

ϕ(ξ) =

(

ξ/2− 1

2k−2 − 1

)

∈ R[ξ],

and expand it in terms of the Krawtchouk polynomials Ki(ξ) = Ki(ξ; 2k − 1):

(2) ϕ(ξ) =
2k−2

−1
∑

i=0

ciKi(ξ).

Let

X =
2k−1
∑

j=0

ϕ(j)Aj ∈ A .

On the one hand, observe that X has only integral entries in view of (1), and an
easy application of Lucas’ theorem (cf. [6]) shows moreover that X ≡ I (mod 2).
In particular, X is invertible. On the other hand, from (2) we have

X = 22
k
−1

2k−2
−1

∑

i=0

ciEi.

It follows that

|C′| = rankX " rankX "

2k−2
−1

∑

i=0

rankEi =
2k−2

−1
∑

i=0

(

2k − 1

i

)

.

As |C| = |C+
even|+ |C−

even|+ |C+
odd|+ |C−

odd|, the theorem follows.
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3. Future Work

Schrijver’s semidefinite programming bound has been extended to hierarchies of
upper bounds; see, e.g., [1, 14]. In view of [13], it is interesting to investigate if
these bounds in turn prove the conjecture for other values of n. One of the referees
pointed out to us that using next level in the hierarchy, see [11], yields the correct
bound of a24 = 178208 for the case n = 24.

Problem. Prove the conjecture for n = 40, which is the first open case.

Acknowledgements. We thank the anonymous referee for solving the case n = 24.
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