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Lecture Noreg for CLésssh]
Q2 ( Haduiger, 1944)

What Ts the minimon wamber Ctn) st. [R' con be divided itz Cv subsets 'S Si0~USsm st. o pein of poets

within the the some Sy i ot wnit cistance ?

To solve the problem, fw;tg PephIAIN it in 3m7>h thmy lwyuaje,a

% The distonce—5 ?mph in B" has the Linfinite) ot [R* as its vertex 5ot two points ore odjocent i thoir (Euclideon)
distance is &. The unrt-distance graph comspods 1o G=1.

T
Now the mumber C1) Hadwiger asks us 1o dotermine i the chrowotic nunber of
allest namb: lons needed label the 5
the wit—distance 5mf)l' gy o of odas ’ mf&

vertites with oalors St no two. Vortites shannj the Some, eﬁlge
have the same. color-

When n=2 (Com:‘derv‘r? the problom in the  plane) « %% %@
Dre. 5.5

Ere. 5.5.2
YA<R’, Swppose the calor of By s x. Mah
‘n warolesafmliwslwvt-’?ly Auwmgm.
" v Be O(AT3). Maks o cirole of rodius 1 by b as
the vn‘gfn.
Then we hawe C,DE (A, DNDLB,1) ond
From the. existonce of tessellation of atep)=1.
the plane by vegulor hoxagons  with Thue, the color af A.C.D and B.CD must be
cliamaters shglvty lesy than oRe. c 74

o()ffMW» Qvﬂnw the color vf cCr 3. ond  the
wlorof Drs 2 Tun the color ofBrsvr-
S 0()_)57

Bg induction, Y Pe DLA,E)I +e color v‘]( Pis x,
bt mst AR OLAS) o1, dIR,B)=]. ==

the owjest oistaree Tnside a cube with diameter o is \nd®
Wwe wonns digvde tl\m with the lm\ou,« distance Leas than 1.
{nd*=|, nd*> L d= =75 We can divide a cube with ciameter |
1
Bre. 5.5.3 =1, (he chromosic. runber is ‘mew) it (r) fl small  cubes with d,{amd‘u% Prel point them
with ¥ difforont cdors

The simplex with unit sidelar‘jﬂt Shows that we need ot least N+l oolors. Prd b? the Tdea ,f Bre. 552 Con be adapted fo Tmprave this lower

whtn n=2 whin 13 /I\
bowd to n+2. D
oe—11-"%

[

For 9enem{ n:



cmzcr? for come constant C70 and oMl Sutfiviently large n
1972, Lovman ond Regers gives e first nonlinear lowor bownd () and - an upper bound o (25 0t9)" (Bxe. 5:5:4) pnd coniectwesl

that the e rate of growth of his function s expontential.

QOEx.5.5.4* Prove: a si

1 simply exponential number (C™ for some constant C') of colors suffices for
the n-space for every n.

Hint. Color R™ by 9" colors. Use a sphere packing argument: pick a maximal set of points at
Sta e

distance > 1/2 apart; color these points so that no two of them at distance < 2 receive the same
color.

Toke an(infnite) cot HC R, manimal wrt. clictomee betwoen oy 1o of s points 15 ?§~

Lot HUr) denote e wnion of open balls of rodius 1 about cash point in H. Observethat H(3)=[F".
Lt now G be e Uinfinite ) groph with vertex Set H, and two pomts odjacents if thair olistance i < 2
Since the pen balls of radhus % aboct The pots of . are disjort . ond at ost 97 uch balls 1t isile 0 bod] ef nadius (4"

Use this e wlon G by < 9" colors. F/rudl; fvr V uelp, find o poivt HLwEH within distance< 3 from W, and ostign u

e wl»wf ). Since the vpen bolls of redius # aboct the points of H are digjoint poits at unft distance Tedeve o{f{fefw cofors,

Jt was confirmed by Fronkl and Wilson in 1981 as @ rethet dires Soquence of thain modilsr versjon afw
RW Thesrem ( Thm T.45) .

1981, Fandl ond Wilson confirmed

Thw. For lavge n, the chromatic Vtwmb@ref the wait—distance gmah on R is greater than 1.2"

tboth=ccm)
Pf- it-cistance gruph and e distane=5. graph on K" are Isomerphic. for ¥ 20, o their. chrometic. maber 1o The s

Clain: The distmee=5 graph of some subset S of the wr cube .Q:fn,rj"}m exportentiolly lovge  chromatic pumber: 'ﬁ" Some
20 whee alefmd,’,c on M.

Eoch subset SEQ comespnds 40 a st system He 2™

By when 1), 2™=5 @ 911,421,500 500, 51001 4100 ZTW,,,DZM

| ta 1
e veriices ore 0= foa]> :@:3)
We urie S=S(H) to ndicate te invesse of this coresponcerce: SUH) consiets o 5 dé %fa fs’i
the incidlence  vectors ef the members of 1. {? '/;(92'92_ """ 1ol
Let AlA.B) dlencte the { Euchidean) listance «f He incidence Vegtors u{ the sets A.BeH. )=

L <>517)

Clearly, dIAB)® s the Size e{w Symmetric difforence ef A oand B. [the square vf the wg‘mw 47‘ difforest ets s 4 whale common



g s 0)

PAssume. hmcrfvrth tot H s kwfom.mn dtABY=2( k- |A0B ) | [determined by e intersaction Sies)

J
Then we com wie P.tvo?dn‘r\? 0. poussioalar distonte amewets o
owoiding o pasticuler Totefsection Sige.

Corollary 5.18 (Omitted Intersection Theorem). Let p be a prime number and F
a (2p — 1)-uniform family of subsets of a set of 4p — 1 elements. If no two members of F
intersect in precisely p — 1 elements, then

1p—1
|Fl<2- (4” ) < 1754871, (13)
p—1

h%w fw\ now that n:4r—| -er Some rﬁm& PA Cet k—lr—l Tl\ul “the intersettion size 1o be avoded %M b;eF?Im;Z:i ,\?I‘Y%F‘?"&'Zn;ﬁaﬂ“

GCp) S
(=2 ZP_"[P'O):}P o 6= With this chotte of parsmeters the groph Gy we oxamine hiv, vw%w%ﬁm

ond tup sts A.Betlp ore  oadjocent if |ANBI=p-l.

We shall prave an wxponartiod (ower- bound on the Chromatic  pumber  Y( GF)_ Our Stratogy 3% o prove @ ugper bound on 2UGp),

e sise V‘F the l“’ﬂ%* independertt Set. delotiny vertices (and Hheir inciduct edges )

Eﬂ‘

AW ,Cor 618 tells wt Dot oll@f) 42(4'0 l) the 7 blue  vertices -fvrm o moximum
Indepemlent; $et for the Creneradizes  Potorson

Tndeed, ly the. d?‘l)w’t/‘m Df m{jwcf/ n gf/ no twp members # \F &mfh GPL124) , Hs Sise 18 7

imtusest,  in precisely p-i efvs 5 hente Con 518 opplies.

Ou fn‘na,{ Step s an application ef ?wp 2.3%.

Proposition 2.35. Let G be a graph with n vertices. The following relation holds between
the chromatic number x(G) and the independence number a(G):

x(9) 2 n/a(9). (47)

Indeed, every color class in a legal coloring is an independent set, so x(G) sets each of size
< a(G) add up to the set of vertices of G.

-l k) [p-)1dp-3

1Hpl (zp-| )] — 3P0pD - Lpr) )P
TM,we howe XIQF)/Q((g) 2 (4}7) iﬂ—(iﬂ% - (Pﬂ),,.(]?ﬂ)%;- [[2},)?)»
By Suritig n1 Jomn (5)" v

Ed
opre) | b |2 wmlE) 5

We have (op)? \!_—)ly_-ry =3 (Tb') : EP)
7;?—11783 and( )‘/13775 hs >-aﬂééo>§ doseTv 7/7}# 037292

- We hawe %?l 13977 (ko P 5 sutficiently loge)

That 75 %(@F) >I.l77‘ﬂa17_i (when P gwaru‘w)g, lwgo)
This means the. chromatic nwmbee of the distance=[3p  graph of the got SUHp)< R¥7 i gradey. thon it



(when P is luge emg)). k -‘%Uwos cny> 11397" -fur ol n=4pt, p pime ondl prge e,mijk.
By the density ef prime numbers, Otends his Tesut 19 provivg thwt CUD > J-13] " for odl

ew@‘ram{y Wryen

QEx. 5.5.5. Extend the lower bound ¢(4p — 1) > 1.139%! to a bound ¢(n) > 1.139", valid for all
sufficiently large n.

The Prime Number Theorem assuts fvr Y 420 and 9»#:me} (p«?e X , the number "7£ primes not losger-

X
Hon X S potween e bowrds (148 Tnx

Let p be the lorgest prine St N> 4p-. %} +m, ¥ >0, and ewary ;u#r*or‘wﬂg lerge x , 3 prime nunber p

botweep  (}=5)% and X.
A?P[*ﬂfn? this 12 X=2? . ue fwt a prime pumber S5 (I€)n<ap<n, therefore
o> ctapd > 11397 7 209477 = 1397
when @ is small emgh. O

Potully, we-con- auhieve the. lower pourol 12" (Tre. T.5.7)

Ex.5.5.6. Let Q(n, k) C R™ denote the set of incidence vectors of the k-subsets of [n]. Prove: for
any prime p < n/2, the chromatic number of the distance-y/2p graph on Q(n,2p — 1) is at least

<21'71 1)/ <p ! 1)' (20)

QEx.5.5.7. In order to improve the lower bound on the chromatic number of the unit-distance
graph in R, maximize, for fixed n, the quantity (20).

Hint. Use the “entropy function” estimate for the binomial coefficients (Ex. 5.4.4).

Ex.5.4.4. For0<a<l,let
1

f[((y) = W.

(15)
(H(e) = logy H(e) = —alogya — (1 — a)logy(1 — @) is the “entropy function.”)  Derive the
following asymptotic estimate for binomial coefficients not too close to either tail. Assume an is
an integer.

n 1+o0(1) 1 ~
" 16
(o) = Tt - ey (16)
Here, the o(1) notation indicates a quantity that tends to zero as n — oo (cf. p. xiii), assuming
v < a < 1—+ for some constant v (which does not depend on n).
Hint. Use Stirling’s formula: n! = (n/e)"v2nn(1 + o(1)).

gezt'hrt?, o= n A ﬁ—ZF\ we hwe to moarimide
Q%)
prFpTP



Neting 1hat g% 2a, Set f=24, we have O =)™ "™ rondhes s monimin when o= f
4952 |20y ey (12a)™.

Bl s mamal volue s -
B'? the Prime Numbor Theorom, e, tan select o prime p=L1+0U0) &2 % 74;» [ar?&n, +the chromatic nuumber er’ the olstona - /o5

groph 97(;mum‘tc«ba/§712 anolﬁmﬂy e > 127"

_How
( >§ Jm{%u—) W fd “_d)m = (ozuox ()
(7 [+ 00D = )'\F/ 2] glL~¢ 2(1=21)
) (ra(ra) ? I

cln) 2

Hadwfgu*'s question fm\ @n
-t come upper bownd Yemaing vedid
h
-t lower boud for \T#_(\L tre o.seb of ponts with inotional  Coordingtes not in ()

By Be 592 wha nis duishe by 4. Q" Contving an isometric copy of E—LFQ’

Theorem 5.22 (Babai, 1992). For large n, the chromatic number of the unit-distance
graph on Q" is greater than 1.2".

QEx.5.5.16. Show that the result of the preceding exercise holds in any dimension, divisible by
4.

a By )

Create o 4kxdk  yotrix cowéféﬁnj et{— 4x4 o(,t()ﬂ,‘)ym,' Blocks (.’ o0 '}) % Zero else whoe. Emh row 9/m
§ v -8B —a
matrix has woom | Q% BAY35’ and the rows gre paivwise orrhogonal.

QEx.5.5.18. Prove the lower bound 1.2" for the chromatic number of the unit-distance graph in
Q" (Theorem 5.22).
Hint. Read the paragraph before Theorem 5.22.

of- First, (et n= e whore 05523 62 s ke colution vf B 557, set N=L;@= AL
Colewt o prime mumber p olosed o+ 44,

gﬂ T sLb , te Chromutio number 9{ the. clistanoe=3p grap on Dk ) s greader thar 1207 %,
By B 5510, an ometric oy T of Bp Bl runds Qe Q"

The untt~dlistance. graph on T Ts isomorphic o fhe distante<p graph on L2482 herefore. he. chromatic

Nunber of the wit olisionce graph o K" e grooiter +ham 120 4, 12" ({;r lorge ).



In 1981, Fronk] and Wilson oxtended thoty modular RW than to prime power moduli tnd - tepased by an odd power of 2
in € 59, Their veewtt is A LIL" Iower hound . This way ﬁ) became G rational mumber onol “"‘"”Pf obove wont hovgh. The

teagon their bound pecome sh‘ghﬂy weakey |5 thot the pd  powers 0f 2 do mt po}mlm the ¢et Vf’ Frrfeger; as aenﬁe)] 23

prime nwnbers do.

Borsuk conjectured that every set of diameter 1 in R can be partitioned into d + 1 sets
of smaller diameter.

mereot for WuM; symmetric boolies , boolieh with smevth G zZ
i an - outidemtad ovwn‘eracww MZ” rndliciary, che MW ’f low dimansional Mm)

Kahn, and Kodai - hoved: some. badies . needed v be. split into. enporentially marty (12%) pieses rf the. oliomater of eash

F;‘ew wat 0 be reduced.

Thim ( Kahn—Kalai, !772) Lot fid) = the minival mmber- ¢ Vgetsfdiamwerl in R4 con be partttioned. into fid) piees of

swaller dneter. Thon Htd>> 127,

Tn he other dirasion, we have  Fudy< 2% (Schranm 19831/ 450, sutfictently Lavge ol ,fzd><[/_3;+6)d )

Fid> vight be olosedd o an exponentiol Function of e fmn s for some constant . O

(osider @ sibset: S of the wak cwbe Q=40,1%. Guch o subset, carospmds 0 0 ¢ob System < 2™ od e unie
S=SUF)CR" 1o dowte the ot of rouloce vetts of o members of F. I F is L= vaiform. | we. obtain dlA, B=2(4-1AnB])

for ong A/ BEF- ( the mamimal ACAB) ocours whan the  miimal | AOB])

ZT 28
Lot utH=minil1Ang):ppeF] o oo (o< 1
B portition of SCF) into ets of cwmaller diameter means F=Fiu-vE o e (U2 IS
il_u%z@_ Wﬂ lbg?) Y
St MUFD ZULE) for V7. ?g /’
lo,10) e~

(L0 <> §12)
Let 3(3‘) dengte te cmalloct t St Fﬂ%iblx_ Then Jﬂ{ol)?g(j:) -fvr any fcg‘?’t’. )

Or we om associate G with the oo SZWMJ:/‘/) mfvuowrn? woy: i members of JF ore the vertices of G and
ABEF ore adjpoant ff IABI= 4(F) Thas §(F) 1 tha  chromasic  number XU(G) (graphs, represemted by cyctems)
We shall congtrvch the. 92t Syjstom F st the Goraph G 7t reprosents Buuarcling 1w our  miniman  Intursection gise’

odjocent; rule wil) be iSomophio <o e graph QP of the Praaed/‘/? section . ( [oplosented thore by o et Gyswm with the



" itorsettion cize = p- " dljasent mla7'{hwﬁrz +he @ﬂ-vn(? lower bounol o the chiomotic mumber 9{ Qp

JHp1 (5 -,)
)c(gryzd(g},) (4P_,) 7(\13‘774”” [0/?. (50) CvrS«l‘Z,Ph’p 2358

wil apply 0 our groph g.

Assume for now thot d is of the form (47:’) for some prime number- p. We set n=dp~l , k=2p-| , anol
Fp= ([:J). Let X= (D;J)} So 1X]=(3)=0. Our ser systom F< 2
We shotl assocrate o st BIAIS 2% with eah AcHp Than F=188):Aetip]

Goal: Make corespnddence = &4 52 [ANB]=p4 i 1 2NBBIED Y hbe

B simple coremwstion: BH)=1{%4]:7eA. 4eDNA] B) st st of ose. pa cloments from D1 whick s spit by A.
So we hove BA<X ond F= %@(A):Aeﬂﬂ 7 L-uniform with  f= kK.

k=@ & -,

Claim Ar> @A) precerves. odjoconcy,

/4 X
Asoume + [ANBI=p fA/BeHF) // 1 / //

///////, /////
Then [BtA) N Bep>|= M In-skr)+ k=2 (M- 3)f - k2P K>

odjocent
The. miviman of [BUDN 36| 15 auaed when 5 05 clsed t0 k—z = op1-Fp)=pF e i fepr

) ' }Ww{ukm s 5‘ 7
% G=Gp. Thn we have alFo=X(5= )C(Q,)/d(é]) @ ”)) “’/;;774}’-1 11397 e e
P

Sinee n>hd.  fid) 2 g(F) > 11397 P > 120 ,aoW e pd for ol o of the fom d={ ;)=[4}’—:>(>70~0

Lléfn; e Prime Number Theorom, we. con extond I 10 ol dimensions ef Ad. 0



doture. Netes for [37.

e {th;lc«% Ff-tlw Standorsl, —plimensional wboaf' zdje lélyﬂl 2 ond codtered ot the wjd\n. ]

|
; |
C 1650000 om0, 3] 7

n
Omkog,oud P=080.85,8n) £ Q=055 4n): ;,Mv:o
Pmblﬂm l’I [,l[ﬁl,Larmm X’Rﬂﬁuﬁ) Determing or estinate the momimwm.  wumber  min) 9{ verticed Dﬁr C" s%. no
two e OH'kojonou{.

szl nois odd (IkeN n=2kH). mlzk)= szﬂ (tho biggest sot,)

P’f ﬁﬁ.s, st be the Sum o{ odd numberv{ 1 and wen numbue{ — or even nwnl:erocf 1 ad odd pumber e‘f —
Case 2. AkeN, n=4k+2. m(gke2)= >*

P{‘ S*_?:El C::,Z: {(6.,5;;; ?4#42) €i=] holds ap aven  number v:F "Hm@}j

Bor Pin Couen . Suppose Gi=l holds 2m v:f times '{'vr Q in C;,lz, Suppose  &/=1 holds 2n V:F tines . Fnd they
howe  €i=gi=] holds —fw u times, Thon

Ei%i = U= (2m-u) — (2N-W+ (H22m-2mu) = U2+ U201+ U+ ghra—2m-2men = FHER—mn) 1 5 0
2mMm 4l-2m

W |2my

[ %12} e ey )|

2
=+ Mt leost, in d; | ho two Vertices are oﬁ)mjonal.

- miake)z o™ s

[Tzen 2k ]

—_ a n (A
M FOY‘ 6 = (6),6}— 24[':4-;) 6 gl 92, ‘:wz,f' i;pﬂ 25212\:8 T 54#'9—)

Then obv. ¢-¢¥=g , and (8% 7=¢.

§M1>?ose [fccqm and there ae no Oﬁ')wjanul points in € Then ‘C*: ‘ii*‘-ﬁeﬁ],
Obv.we have €N C = and |€¥|=7].

Se)= 2 2%l o

49 Case 3. KN, n=dk

b
2
Losman and Rﬂjzrs : [ng E, muaky< e

Ridl and P Fronkl = 3 very amal) Y7o 61 meab < (2%

This poper The exedt value "‘f m(ED when k is the power v’f on odd prine.



Than 1.5 g'Aﬂ’O% kﬂ’“,dal,r?/?, p prime. Then
e 4k
m ()= 4%(4.‘ I)<—%,=— helds. (%)
To give & prosd, we need gome Cocking thaory. vision g\Q probe e
Ubinowy). here
Dd- P‘\/"’”E of luath n ovor tle olphibet %M’j B o collection € of cequences, whioh ore- calleol
codewords §=(’Xux)/~, Xn) 'xiefa,bj Vi .

M The (Hammiv?) olstonce e{ twe covdwords X wwl? is o‘.wffnwl bj dt?,_j)= i X-‘ﬁ/:g:‘.

Note: » ohx7> = S "J

" dtup=0 © A=y
For €L, it con be seen as o Code e{ lv-ﬁthn over the olphabot gl,—}}‘

Obv. 2=(60,65, &), 5= 516, 9n) ore orthogonal & d(E.5)=F

One eﬁf the principle problesm Dil cwh*j W"y*
Problem 14 Given o st D {12 v-:n] | doterming or estinate the mamimus  yumber  wi(n.D) vf coolewords
in x wde € ‘ﬁr ]a\;ﬂ n gaﬁsﬁfﬁ dlzﬁ)éD -F;ran distinct 7767;

]
A classical Tesutt jives'- YVl(n'Wé:Z:(y‘;),

- 290y Ay
Then we can Say m(n)rm(n,{l,%";nj—%%]), For ewen n, we hwe mims Z:—_%[ ;):2—(*>‘)=2"-l.
Thon we can proe £ from e f.,noww?z (Tha b well pore [oter)
Thin b g'uﬂ,og@ k=p<_ p prime, p23,47), € is o cade 972 fe/y‘th A st k%dwoy) Iolols 747» ol
ohistinct aje(j,mﬂ
£y

it = 2

=4

) e
v
[
It means m[,ﬂ, {"2/.”117—‘ik’zk’m]>f%(5).
P Thin 13
Qufyoce ”CCC‘”‘ Comtains  no podr VTI py»t)w?onw( points, i-e. V?,ﬁéﬁ, d'?'ﬁ) #2k
Defie Can = {5¥= 00202 w0e Tt o) s oen ] Coad = §R= (%, xe € A1 X2 ] s od )

for Pin Coun. suppose Gi=t bolds 2m of $mes 5 Jor Q i Coven . Suppose &=l holds 2n of tines Ard ey

am

F—m
hwe  Zi=i=) halds -fw w times, Thon rM mzn-ujg@—%m ) d(R@) o o,




Bor Pin Codd suppose =] holds zwrﬂ Hmes ; ur Qin € odd. Suppose €i=1 holds 2 v{ times find hey
howe  Zi=gi=1 halds fw W times. Thon ]_’_}J& @ukj\ 22, d(P, Q) 75 evon.

koad - ARDz sk olso holoks.

thf:‘ne Cow= { (% X ) (X, %) € Coven An=*] ] L= { (% Xns) 2 (%, %) € Coven, Xn="1 ]
Lo T 00 1) (65 1) €y nm ] 7 Lo 1% ) (8 xn)egodo{,om—/j,

1%»/ wre  codes ﬁﬁ [a;a,fh qk-] oand the oistan o af +wo distinet  codewords 75 nover olivisible bﬂ k.

4ﬁ(4k 1) (Thee 16)

And dofine D=1(2, ,24p>ec4k [% Sic gy G2)] s ot los Han ko pere han 3 |

Obv- Vx,'je 0. dxD <2k or AT P2k Gal <k fatl>3k, common 1<k, common - <k

2 conttrnd no two orﬁwjorm// veutors. Similar for #l <kl <k #l72kgH] 23k

10|= 2- 2- Z(‘”‘")

st £
+1or ek %ﬁw 3k.

ez <Dﬁ_i(4:c ))

IC[ 4£ k- ))

Pocf of Tomt

vxe(i Dmet AT = %1 % = }j

Defe MU & matrix with size of | € elx(? ). Th s of M) o e by sha oo
B‘fz{ thwéammb;fke]@&mmgub%pf‘flz ]whno/lw»veomp7
priition af otriocd i the metrix o5 (T A) vhoe e Cad A i & = clments subset 97914’ . 4]
Obv we hm/emkmtjpc (1)
P we Lot the W; il (.8) e (_DISUOAAI.
Thon lex's compite. the querad entry of l\/[jD:M()WTj),wM has the size of [ €] ¥E)

Pud the tows o colnns are both indexed by codeworels af ' .- (Al
W (7.7 = - O!SOOOA) (_,)[stymAJ: PRENS Ol(ymgn Al /)
J ﬂ AC{;‘)?) ) Aﬁi’ﬁ—,{lj % Hie gymmﬁrrc D(A’éfarwa yf g(x) y(g(})



By dﬁf, we have | 8094 QC}A)F o((f/ij)
N e CU)?Jg)
Mote Hhat ueh S04 ;@),TM aly ”’thy‘i ( 5 )
itersect 9(%)49{9) in 3 elomnts. 24
ey 3 [ AP ) [ A=d(Z
- Vl]lx,j,)— %i—; (—l)’b( 5 ) ( . z)

]—i
The h‘jh?t hand 073 the oxprestion % o Falynomm/ n dl?j) ,,11’ ﬂéﬂi’ee ] This Folywarm‘ml % &

et el o SO0 bl aicpentin it
The toeffuioct of AR ie %—(Z—)’z%:%i’w:%]

())& ploomsl of deg .t o0 b wily urvcn a5 s combsation fr 021
p)= Zﬁj k%]?z)

Consiler M= ?ﬁwoﬁ/wj). A5
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THE INDEPENDENCE NUMBER OF THE ORTHOGONALITY
GRAPH IN DIMENSION 2F

FERDINAND IHRINGER AND HAJIME TANAKA

ABSTRACT. We determine the independence number of the orthogonality graph
on 2F-dimensional hypercubes. This answers a question by Galliard from 2001
which is motivated by a problem in quantum information theory. Our method
is a modification of a rank argument due to Frankl who showed the analogous
result for 4p*-dimensional hypercubes, where p is an odd prime.

1. INTRODUCTION

The orthogonality graph ), has the elements of {—1,1}"™ as vertices, and two
vertices are adjacent if they are orthogonal, in other words, if their Hamming dis-
tance is n/2. The graph ,, occurs naturally when comparing classical and quan-
tum communication [3]. In particular, for n = 2¥ the cost of simulating a specific
quantum entanglement on k qubits can be reduced to determining the chromatic
number x(2,) of Q, [2/[9]. The graph Q,, is edgeless if n is odd, and is bipartite
if n =2 (mod 4). For n = 0 (mod 4), Frankl [7] and Galliard [9] constructed an
independent set of §2,, of size

n/4—1

S (";1),
=0

and Galliard [9] asked in 2001 if this is the independence number a(Q,) of Q,
when n = 2F, k > 2. Newman and, according to [8] p. 275, Remark]|, Frankl
conjectured that this holds whenever n = 0 (mod 4). See also [4]. Frankl [7] already
showed the conjecture in 1986 for all n = 4p* for k > 1, where p is an odd prime. De
Klerk and Pasechnik proved the conjecture for n = 16, i.e., that a(Q16) = 2304,
using Schrijver’s semidefinite programming bound [16]. Furthermore, Frankl and
Rodl [8] showed that «(92,) < 1.99™ if n = 0 (mod 4). In this note, we apply
Frankl’s method from [7] to show the following:

Theorem. Let n = 2% for some k > 2. Then a(Q,) = ay,.

Together with the discussion in [9] Section 5.5], that is using x(Q,) = 2" /a(2,),
our result implies an explicit version of Theorem 4 in [2]. Finding such an explicit
result is one motivation for Galliard’s work. See also [10][12].

The first author is supported by a postdoctoral fellowship of the Research Foundation —
Flanders (FWO).
The second author is supported by JSPS KAKENHI Grant Number JP17K05156.
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2 FERDINAND IHRINGER AND HAJIME TANAKA

2. PROOF OF THE THEOREM

Let A; be the 0-1-matrix indexed by the vertices of the hypercube Q,, = {—1,1}"
with (4;)gy = 1 if  and y have Hamming distance j. The matrices A; have n + 1
common eigenspaces Vg, Vi, ..., V,, and in the usual ordering of the eigenspaces the
eigenvalue of A; with respect to V; is given by the Krawtchouk polynomial (see [5]
Theorem 4.2])

! i\ (n—i
50 = Kyt = -0 (1) (7).
h=0

It is known that the orthogonal projection matrix F; onto V; has the entry (E;)y, =
27"K;(j) if x and y are at Hamming distance j [5, Theorem 4.2], so that we have
in particular rank E; = trace B; = K;(0) = (7). The (n + 1)-dimensional matrix
algebra spanned by Ag =1, Aq,..., A, is called the Bose-Mesner algebra of Q..

Assume now that n = 2¥, k > 3. (The result is trivial if £ = 2.) Let C be an
independent set of Qqs, and let CE_ CE  C {~1,1}2""! be as in [7]: Ck,, is
given by taking all the even-weight elements of C' that end with +1, followed by
truncating at the last coordinate, and the other three are analogous. Let C’ be one
of these four families. Then the Hamming distances in C’ are even and unequal to
2k=1 50 they lie in the following set:

(1) {25:5=0,1,...,281 — 1, 5 #£2F2}

Below we work with the Bose—-Mesner algebra 7 of Qor_. For every M € o7, let
M denote the principal submatrix corresponding to C’. Consider the polynomial

w0 = (5257)) eriel

and expand it in terms of the Krawtchouk polynomials K;(£) = K;(&; 2% — 1):

(2) o= 3 aki(o).
1=0
Let
2k _1

X=> o)A €.
j=0

On the one hand, observe that X has only integral entries in view of (), and an
easy application of Lucas’ theorem (cf. [6]) shows moreover that X = I (mod 2).
In particular, X is invertible. On the other hand, from () we have

2k—2_1
X=22k_1 Z ClEl
i=0
It follows that
gk—2_1 ok—2_1 ok _ 1
|C’| = rank X < rank X < Z rank E; = Z < , >
i
i=0 i=0

As |C] = |Cfen] + |Coven| + [C1g| + 1Cqql, the theorem follows.
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3. FUTURE WORK

Schrijver’s semidefinite programming bound has been extended to hierarchies of
upper bounds; see, e.g., [1] [14]. In view of [13], it is interesting to investigate if
these bounds in turn prove the conjecture for other values of n. One of the referees
pointed out to us that using next level in the hierarchy, see [11], yields the correct
bound of ag4 = 178208 for the case n = 24.

Problem. Prove the conjecture for n = 40, which is the first open case.

Acknowledgements. We thank the anonymous referee for solving the case n = 24.
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