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1. Introduction

The main aim of this paper is the development of a suitable tensor product for well generated dg categories,
that is, pretriangulated dg categories A for which H°(A) is well generated in the sense of Neeman [25]. Well
generated triangulated categories were introduced in [25] as a natural class of triangulated categories sharing
important properties like Brown representability with the subclass of compactly generated triangulated
categories, while at the same time having a good localisation theory (see [25] and [17]). The derived category
of a Grothendieck abelian category being well generated [24], there is a rich supply of examples of algebro-
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geometric origin and in the spirit of noncommutative geometry, our tensor product can be thought of as a
kind of (derived) product of noncommutative spaces.

Our starting point is the homotopy category of dg categories Hqe developed by Tabuada [30] and Toén
[32]. As shown in [32], Hge has a monoidal structure given by the derived tensor product of dg categories @%
and this monoidal structure is closed with the internal hom (denoted by RHom) given by the dg category
of (cofibrant) right quasi-representable bimodules (also called quasi-functors).

When we restrict our attention to dg categories A, B that are (homotopically) cocomplete, it is natural to
restrict to quasi-functors F' € RHom(A, B) whose associated underlying exact functor H(F) : HY(A) —
HO(B) preserves coproducts. These will be called cocontinuous quasi-functors and they form a full dg
subcategory RHom.(A, B) C RHom(A, B). We show (Corollary 3.25 and Theorem 3.31):

Theorem 1.1. Consider pretriangulated dg categories A and B.

(1) If A and B are homotopically cocomplete, the same holds for RHom. (A, B).
(2) If A and B are well generated, the same holds for RHom¢(A, B).

We define the well generated tensor product of two well generated dg categories A and B, if it exists, as
the unique well generated dg category AKX B satisfying the following universal property in Hqe with respect
to all well generated dg categories C:

RHom (AKX B,C) =2 RHom.(A, RHom.(5,()). (1)

Our main result is the existence of the well generated tensor product (see Theorem 1.3 below). In
combination with Theorem 1.1 (2) we immediately obtain:

Corollary 1.2. The homotopy category Hqe,,, of well generated dg categories with cocontinuous quasi-functors
is symmetric monoidal closed.

Our approach to the existence of the tensor product makes use of the localisation theory of well generated
dg categories. More precisely, we use the (enhanced) derived Gabriel-Popescu theorem from [27] which
identifies the well generated dg categories in Hqge as the dg quotients of dg derived categories D(a) by an
(enhanced) localising subcategory W C D(a) generated by a set, for small dg categories a. We show:

Theorem 1.3. Let A, B be two well generated dg categories such that A = D(a)/W, and B = D(b)/Wy for
small dg categories a, b with W, C D(a) and Wy C D(b) (enhanced) localising subcategories generated by
a set of objects. There exists an (enhanced) localising subcategory We ® Wy C D(a @Y b) such that the well
generated tensor product of A and B exists and is given by the dg quotient

AR B = D(a®" b)/W, X W. (2)
In particular, AX B is independent of the chosen realisations of A and B.

In the paper, we give a description of W, X W in terms of generators (Theorem 4.14) as well as an
intrinsic description (Theorem 4.17). We also give a description of the well generated tensor product in
terms of Bousfield localisations (Theorem 4.20) which is specifically applied to a-continuous dg derived
categories in the sense of [27] (we call them a-cocontinuous in line with the rest of our terminology). More
precisely, we show (Theorem 5.5, Proposition 5.6, Corollary 5.7):

Theorem 1.4. Let a be a reqular cardinal. Let a, b be two homotopically a-cocomplete small dg categories.
Then, we have that
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Do (a) XD, (b) = D, (a®L b) (3)

in Hae,,, where a ®L b is the homotopically a-cocomplete tensor product of a and b.
In particular, the well generated tensor product preserves a-compactness.

Remarks 1.5.

(1) In[20], a tensor product of Grothendieck abelian categories was defined. The precise relationship between
this tensor product and the tensor product of well generated dg categories (with t-structures) is currently
under investigation in a joint project with Francesco Genovese and Michel Van den Bergh.

(2) In contrast to the tensor product of well generated dg categories, the tensor product of Grothendieck
categories from [20] is not closed (as follows for instance from [28, Rem 6.5]). An in depth study of the
nature of morphism categories between abelian categories is the topic of an ongoing joint project with
Michel Van den Bergh.

(3) There is well known correspondence between pretriangulated dg categories on the one hand and stable
linear infinity categories on the other hand, see for instance [8]. Since a pretriangulated dg category is well
generated precisely when it is locally presented [33, §2.1], we expect our tensor product to correspond
to a natural tensor product of presentable stable linear infinity categories. Such a tensor product can be
obtained as a linear analogue of the tensor product of presentable stable infinity categories from [22,23].
The details of such a monoidal correspondence remain to be elucidated.

The present work extends part of the work carried out by the second named author in her PhD thesis
under the supervision of Wendy Lowen and Boris Shoikhet.

Acknowledgements. The authors would like to thank an anonymous referee for the very careful reading of the
paper and the valuable comments and corrections, in particular with respect to the proof of Lemma 3.20. The
second named author is very grateful to Francesco Genovese for explaining how the notion of dg Bousfield
localisation we consider gives rise to an adjunction of quasi-functors in the sense of [10] (see Remark 3.9).
The authors would also like to thank Pieter Belmans, Boris Shoikhet, Greg Stevenson and Michel Van den
Bergh for interesting discussions.

2. The homotopy category of dg categories

We fix a commutative ground ring k throughout the paper.

Let 4 be a fixed (Grothendieck) universe. Without further notice, categories are il-categories, small
categories are $I-small categories and cocomplete categories are {-cocomplete (i.e. have all {l-small colimits)
etc. In the sequel, making use of the universe axiom, we will sometimes use additional universes {l € U and
U € N, which will be made explicit in the terminology and notation.

In this chapter, we revise the essential aspects of the homotopy theory of dg categories that will be used
further on.

2.1. The model structure on the category of dg categories

We denote by C(k) = U — C(k) the category of cochain complexes of il-small k-modules with cochain
morphisms. The category dgcat;,, = { — dgcat;, of {-small dg categories over k with k-linear dg functors has
a standard model structure with the quasi-equivalences as weak equivalences [30]. This model structure has
the following properties.

Proposition 2.1. [32, Prop 2.3] Consider dgcat,, with the standard model structure. The following hold:
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(1) Any object in dgcaty, is fibrant;

(2) There exists a cofibrant replacement @) : dgcat,, — dgcat,, such that the natural morphism Q(A) — A
is the identity on objects;

(3) If A is cofibrant in dgcat;, and A, A’ € A then A(A, A’ is cofibrant in C(k) for the projective model
structure.

We denote by Hge = 4 — Hqge = Ho(4l — dgcat;,) the homotopy category of i-small dg categories.
Given a dg functor F : A — B, we denote by [F] its image in Hqe and as usual we denote by [—,—] =
i —[—,—] = 4 — Hge(—, —) the set of morphisms in Hqe. Observe that an element f € [A, B] induces a
functor HO(f) : H°(A) — H°(B) between the corresponding H’-categories.

2.2. The monoidal structure on the homotopy category of dg categories

Let C be a small dg category and dgMod(C) the dg category of all dg modules (that is, dg functors from C°?
to C(k)). We denote by D(C) the dg derived category of C, that is the full dg subcategory D(C) C dgMod(C)
of the cofibrant dg modules for the projective model structure on dgMod(C) (see for example [32, §3], where
the dg derived category of C is denoted by Int(C)). By construction, H°(D(C)) is equivalent to the derived
category D(C) of C [14, Prop 3.1].

The homotopy category of dg categories Hqe can be endowed with a closed symmetric monoidal structure,
described by Toén in [32, §6]. In particular, given A, B, C small dg categories, in Hge we have the adjunction

[A®" B,C] = [A,RHom(B,C)], (4)

between the derived tensor product A ®" B and Toén’s internal RHom(B,C), which can be constructed as
follows.

Let A and B be small dg categories. A bimodule F' € dgMod(B ®" A°) induces a dg functor &5 :
A — dgMod(B), and it is called right quasi-representable provided that the induced H°(®r) : HO(A) —
H°(dgMod(B)) factors through a functor HY(F) : H°(A) — HY(B). In other words, for all A € A,
Or(A) € dgMod(B) is quasi-representable, that is, quasi-isomorphic to a representable dg B-module. We
will denote by qrep(B) the full dg subcategory of dgMod(B) with as objects the quasi-representable objects.
In particular, the dg Yoneda embedding Y5 : B — dgMod(B) induces a quasi-equivalence B — qrep(B).

We denote by RHom(.A, B) C D(B®Y.A°P) the full dg subcategory of (cofibrant) right quasi-representable
bimodules. This category is not small, but essentially small, and hence can still be considered as an element
of Hge (see [32]). In the literature, the elements of the category H°(RHom(A, B)) are usually called quasi-
functors between A and B (see, for example [14]). Given F' € RHom(A, B), we denote the same element
considered in H°(RHom (A, B)) also by F and we will refer to both objects as quasi-functors.

In particular, the adjunction from (4) above can easily be extended (see for example [6, Cor 4.1]) to the
following isomorphism in Hqe:

RHom(A ®" B,C) = RHom(A, RHom(B,C)). (5)
Concretely, the isomorphism (5) is given by sending F € RHom(A ®" B,C) to the associated dg functor
A — dgMod(C ®" B®P) : A+ Fiu

with Fu(B,C) = F(A, B,C). Then F}, is right quasi-representable, and the resulting A — RHom(B,C)
gives rise to a representable element in RHom(.A, RHom(B,C)).

In addition, we have the following result, relating the morphisms in Hge and the internal hom of the
monoidal structure.
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Proposition 2.2 (/32, Cor 4.8]). Let A, B be two small dg categories. There exists a functorial bijection
between the set [A, B] of maps between A and B in Hge and the set Iso(H°(RHom(A, B))) of isomorphism
classes of quasi-functors.

Consider small dg categories A and B and F € [A, B]. By Yoneda’s Lemma, if F induces a bijection
Fo—:[C,A] 2 [C,B] for every small dg category C, it follows that F' is an isomorphism in Hge. In the
sequel, we will need the following refinement:

Proposition 2.3. Consider dg iA-categories A and B and let U be a universe such that A and B are 0-small.
We consider the homotopy category B — Hae of B-small dg categories and F € 0 — [A, B]. If F induces a
bijection Fo— : U —[C, A] 2 U —[C, B] for every {-small dg category C, it follows that F is an isomorphism
in U — Hqe.

Proof. We may suppose that F' is given by a dg functor F' : A — B. Suppose that F' induces a bijection
Fo—:U—[C, Al 29U —|[C,B] for every $-small dg category C. We are to show that F' is a quasi-equivalence.
We start by showing that F' is quasi-essentially surjective. Consider the dg category k with a single object
x and k(x,*) = k. It is readily seen that there is a natural quasi-equivalence A4 = U — RHom(k, A) for every
Y-small dg category A and hence by Proposition 2.2 a natural bijection U — [k, A] = Iso(H°(A)). Hence,
by the assumption (for C = k) F induces a bijection Iso(H"(A)) — Iso(H°(B)) as desired.
Next we show that F' is quasi-faithful. Consider

H"(Faa): H"A(A,A") — H"B(F(A), F(A"))

and f € Z"A(A, A") with H"(Fa,a/)([f]) =0¢€ H"B(F(A),F(A’)). Consider the dg category Ar,, with two
objects X, X" and Ar,, (X, X) = klx, Ar, (X', X') = klx/, Ar, (X, X') = kx for z in degree n, Ar,, (X', X) =
0. Consider the dg functor ¢ : Ar, — A : 2 — f. We have F¢(x) = d(h) for some h € B(F(A), F(A"))" L.
Consider the dg functors ¢; : Ar, — A : 2+ 04,4 and 93 : Ar,, — B : 2 — Op(a),r(a) for the zero
morphisms 04 4/ € A(A, A")" and Op(a),ra) € B(F(A), F(A"))". We claim that [F¢] = [F][¢] = [¢2] in
[Ary,, B]. Let P(B) be the path object dg category for B as described in [6, §2.2]. Then it is readily seen
that a homotopy between F'¢ and 15 is given by

H: Ar, — P(B)
with
H(X) = (F(A),F(A),1ra))
H(X') = (F(A"), F(A),1pan)
H(z) = (F(f),0pa),ra, (—1)"""h)

Since also [Fi)1] = [F][¢1] = [¢2] it follows from the assumption (for C = Ar,) that [¢] = [¢1] € [Ar,, A]
and consequently [f] =0 € H"A(A, A") as desired.

Finally we show that F' is quasi-full. Thanks to the bijection Iso(H"(A)) — Iso(H%(B)), it suffices to
show that for all B, B’ € B, there exist A, A’ € A and isomorphisms B = F(A) and B’ = F(A’) in H'B
such that H"A(A, A") — H"B(F(A), F(A’)) is an isomorphism for every n. So let B, B’ € B. Consider
the full dg subcategory ¢ : By C B spanned by the objects B and B’ and let Q : Q(By) — By be a cofibrant
resolution which is the identity on objects. By the assumption (for C = Q(By)), there exists a dg functor
G : Q(By) — A with [F][G] = [FG] = [tQ] € [Q(By), B]. It follows that

H"(Fa(p)as)) : HA(G(B), G(B')) — H"B(F(G(B)), F(G(B')))
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is surjective as desired. O
2.8. Variations upon the inner hom

Consider dg U-categories A and B. For universes U C U’ such that A and B are U-small, there is
easily seen to be a quasi-equivalence U—RHom(A, B) = U’'—RHom(A, B). Hence, we will often omit the
decoration U from the notation and simply write RHom(.A, B) where it is understood that we make use of
some universe for which the categories under considerations are small. If A is $-small, then RHom(.A, B) is
seen to be a dg i-category.

For F € RHom(A, B), we have an induced functor H°(F) : H°(A) — H°(B). We will consider several
full subcategories of RHom(.A, B) determined by properties of the functors H?(F).

Given a universe 4, its cardinality |U| is the unique inaccessible (and hence regular) cardinal such that
U = Vjg where, for a cardinal &, V,, = {X | [X]| < k} - consisting of all the s-small sets - denotes the
xth-level of the von Neumann hierarchy (see [34]). Observe that, for 4 € U, we have that 4| < |U| and
hence |4| is a |Y|-small cardinal.

Definition 2.4. Let C be a dg U-category.

(1) Let a be a cardinal. We say that C is homotopically a-cocomplete if H°(A) has all a-small coproducts.

(2) We say that C is homotopically cocomplete if C is homotopically |4|-cocomplete, that is, H°(A) has all
$l-small coproducts.

Definition 2.5. Consider dg $i-categories A and B.

(1) Let a be a cardinal. A quasi-functor F' € RHom(A, B) is called a-cocontinuous if the induced functor
HO(F) : H(A) — H°(B) preserves all a-small coproducts. We let

RHom, (A, B) C RHom(A, B)
denote the full dg subcategory of a-cocontinuous quasi-functors.

(2) A quasi-functor F' € RHom(A, B) is called cocontinuous if it is |tl|-cocontinuous, that is if the induced
functor H°(F) : H°(A) — H°(B) preserves all $l-small coproducts. We put

RHom, (A, B) = RHom,y (A, B).
Next we look at annihilation of classes of objects.
Definition 2.6. Consider dg categories A, B and let N/ C Ob(A) be a class of objects. We say that F €

RHom(A, B) annihilates N if the induced functor H(F) : H°(A) — H°(B) is such that H°(F)(N) = 0
for every N € N. We denote by

RHom (A, B) € RHom(.A, B)
the full dg subcategory of quasi-functors annihilating A/

Remark 2.7. We will use the same terminology and notation for a full dg subcategory A’ C A, where it is
understood that annihilation is intended with respect to the class N'= Ob(A").
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The dg quotient B/ A of a dg category B along a full dg subcategory A C B was introduced by Keller in
[13] and analysed further by Drinfeld in [9]. The dg quotient fulfills the following universal property in Hqe:

RHom(B/A,C) = RHom4(5,C), (6)
for all C € Hqe (see [31]).

Example 2.8. Let C be a small dg category and let Acqg(C) be the full dg subcategory of dgMod(C) of acyclic
dg modules, that is, the dg modules which are pointwise acyclic. The natural composition of morphisms in
Hage

D(C) — dgMod(C) — dgMod(C)/Acge(C) (7)
is an isomorphism, and hence it induces a morphism @ € [dgMod(C), D(C)].
3. Well generated dg categories

Well-generated triangulated categories in the sense of Neeman [25] form a very important class of tri-
angulated categories. They enjoy very nice properties concerning for example localisations (see [17]) and
Brown representability (see [25, §8.4]), and they also appear naturally in many contexts. In particular,
derived categories of Grothendieck abelian categories are well generated triangulated [24].

Porta shows in [27] that in the triangulated world, well generated algebraic triangulated categories play
the analogous role to the one that Grothendieck categories play in the abelian world, in the sense that they
fulfill a triangulated version of the well-known Gabriel-Popescu theorem for Grothendieck categories [26].

In this article we will focus on the pretriangulated dg version of well generated algebraic triangulated
categories:

Definition 3.1. A pretriangulated dg category A is called well generated if the homotopy category H(A) is
a well generated triangulated category. It is called a-compactly generated for some cardinal « if HO(A) is
a-compactly generated.

Observe that in Definition 3.1, H°(A) is automatically algebraic as it has A as an enhancement.

Remark 3.2. From now on, when dealing with well generated pretriangulated dg categories, we will usually
omit the term pretriangulated for the sake of brevity.

In section §3.2 we discuss the localisation theory of well generated dg categories, which can be obtained as
an enhancement of the localisation theory of well generated triangulated categories as described for example
in [17] (see §3.1). After recalling a-cocontinuous (dg) derived categories in §3.3, in §3.4 we formulate the
(enhanced) derived Gabriel-Popescu theorem due to Porta [27]. In §3.5, we prove that the cocontinuous
internal hom between homotopically cocomplete dg categories is again homotopically cocomplete (Theo-
rem 3.25). In §3.6, we prove the main result of this chapter: the cocontinuous internal hom between well
generated dg categories is again well generated (Theorem 3.31).

8.1. Localisation of well generated triangulated categories

The Verdier quotient of a triangulated category T with respect to a full triangulated subcategory W is
given by a triangulated category 7 /W and an exact functor @ : T — T /W annihilating W such that
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any exact functor 7 — T’ annihilating W factors through Q. In other words, we have that the Verdier
quotient 7 /W has the following universal property:

Funt(T/W. T") =22, Funmew(T, T'), (8)

where Funt, (7 /W, T") denotes the collection of exact functors from 7 /W to T’ and Funt, (7, 7") denotes
the collection of exact functors from 7 to 7' that annihilate V. On the other hand, a Bousfield localisation
functor L : T — T can be characterized as the composition of a Verdier quotient @ : 7 — T /Ker(L)
followed by its right adjoint 7 /Ker(L) — T (see [17]).

If we restrict to the realm of well generated triangulated categories, we have that localising subcategories
of well generated categories which are generated by a set of objects are again well generated, and so are the
corresponding Verdier quotients [17, Thm 7.2.1]. Then, we have two equivalent approaches to the localisation
of well generated triangulated categories which produce again well generated triangulated categories and
which are equivalent, namely:

o Verdier quotients along localising subcategories generated by a set;
o Bousfield localisations with kernel generated by a set;

where we say that a localising subcategory W of a well generated triangulated category 7 is generated
by a set if there exists a set of objects of T such that the smallest localising subcategory containing them
is W. The fact that these two approaches are equivalent can be directly deduced from [17, Thm 7.2.1 &
Prop 5.2.1].

In what follows, we analyse the induced correspondence of localisation theories in the dg setting. But
before we proceed, we make an observation on the universal properties of the Verdier and dg quotients when
we restrict to the well generated case with cocontinuous functors.

Let 7 be a well generated triangulated category and W C T a localising subcategory generated by
a set. One can easily observe that under this hypothesis the quotient functor @ : T — T /W preserves
coproducts, as it is a left adjoint between well generated triangulated categories. It is then not hard to check
that the Verdier quotient, restricted to well generated triangulated categories, has the following universal
property. Given T a well generated triangulated category, and W C T a localising subcategory generated
by a set of objects (and hence well generated), the Verdier quotient 7 /W is a well generated triangulated
category such that for any well generated triangulated category 7', one has that

Funteo(T/W, T') =22 Funy.c (T, T'), 9)

where the subindex c indicates that we are considering the exact functors which preserve coproducts.

In the dg realm one can check in a similar fashion, for example by means of Keller’s construction, that
if B is a well generated dg category and A C B is a dg subcategory with H°(A) localising in H°(B) and
generated by a set, then the dg quotient B/A is also a well generated dg category (as it is an enhancement
of the Verdier quotient H°(B)/H"(A)) and the canonical morphism @ : B — B/.A in Hqe is cocontinuous,
that is, the induced H°(B) — H°(B/.A) preserves coproducts. Observe then, that for all well generated dg
categories C, the universal property of the dg quotient (6) in Hge restricts to a quasi-equivalence

RHome(B/A,C) = RHome 4(B,C). (10)
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8.2. Localisation of well generated dg categories

3.2.1. Localising subcategories generated by a set

Let B be a well generated dg category. Observe that in particular H°(B) is localising as a subcategory
of itself and it is, as localising subcategory, generated by a set. In addition, the intersection of localising
subcategories of H(B) generated by a set is again such (see [11, Lem 3.2]). Consequently, for every full
triangulated subcategory H C HY(B) there is a smallest localising subcategory generated by a set containing
H. In particular, the poset of localising subcategories of HY(B) generated by a set is a complete lattice with
inf; W, = MW, and sup, W; = (U;W,;), where (U;W;) denotes the smallest localising subcategory that
contains U;W;. Observe that (U;WV;) is indeed generated by a set, taking for example U;N; where, for every
i, NV is a set such that (V) = W,.

Definition 3.3. Consider H C H°(B) and B € B. A filtration of B consists of a countable collection (X;)5,,
of objects in H°(B) with Xy = 0 and maps z; : X; — X;,1 for all i > 0 such that hocolim(X;) = B. A
filtration (X;)$2, of B is called an H-filtration if the cone of each z; : X; — X;41 belongs to H and in this
case B is called H-filtered.

Proposition 3.4. Let W be a localising subcategory of H°(B) generated by a set. Then, there exists a set N
generating W (i.e. W = (N)) such that X € H°(B) belongs to W if and only if it is N -filtered, where N is
the class of small coproducts of elements in N.

Proof. By [17, Thm 7.2.1], we know we can take a regular cardinal « such that WW and H°(B) are both
a-compactly generated. In particular, the class of a-compact objects W = WN B is essentially small (see
[25, Prop 3.2.5, Lem 4.4.5]). Take N to be the set of objects in W consisting of taking for each isomorphism
class of W* a representative. We have that W = (N). By applying [25, Lemma B.1.3] to W, we know that
every X € W is N-filtered. On the other hand, as W is localising, every N-filtered object X in H®(B)
belongs to W, which concludes the argument. O

We describe now the relation with orthogonal complements.

Let T be a triangulated category. Recall that an object X € T is said to be left orthogonal to an object
Y € T (or Y right orthogonal to X) if T(X,Y) = 0 and we denote this by X L Y. For a full subcategory
H C T, we obtain the following k-linear subcategories of T:

e Ht={XeT|HLX forall HecH}
e “H={XecT|X LH foral HeH}

Remark 3.5. This notation for the right and left orthogonals is the most common in the literature, though
it is not standard. For example, the notation in [25] is reversed (see [25, Def 9.1.10 & 9.1.11]).

Proposition 3.6. Let W be a localising subcategory of B generated by a set N, i.e. W = (N'). Then we have
that Wt = N+,

Proof. We have that A/ C W, hence W+ C N*. On the other hand, we have that N' C +(N*) and
L(NV1) is easily seen to be a localising (hence triangulated) subcategory [25, Lem 9.1.12]. Hence we have
that W = (N) C +(N*). Then, applying right orthogonals and the fact that Nt = (+(N*1))1, we obtain
that N'- C W+, which concludes the argument. O
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3.2.2. Bousfield localisations

Definition 3.7. Given two pretriangulated dg categories A, B and two right quasi-representable functors
F € RHom(A, B), G € RHom(B, A), we say that F is left quasi-adjoint to G if and only if H°(F) 4 H°(G).
In this case we write F -go G.

Definition 3.8. Let A, B be pretriangulated dg categories and i : B — A a quasi-fully faithful dg functor.
We say that i € RHom(B, A) is a dg Bousfield localisation of A if H°(i) : H*(B) < H°(A) admits a left
adjoint.

Remark 3.9. This definition is seen to be equivalent to the following definition: i : B — A is a dg Bousfield
localisation if and only if there exists a right quasi-representable functor a € RHom(A, B) which is left
adjoint to ¢ € RHom(B,.A) in the sense of adjoint pairs of quasi-functors from [10]. Obviously, this second
definition implies the first. On the other hand, if H°(i) has a left adjoint F : H°(A) — H°(B), then we
have an isomorphism

HO(B)(F(A), -) = H°(i(A, -))

for all A € A, where we consider i in dgMod (A ®" B°P). This isomorphism is, by Yoneda lemma, determined
by an element f € HO(i(A, F(A))). Consider g a closed element of degree 0 in i(A, F(A)) lifting f. By dg
Yoneda lemma, g induces a morphism

B(F(A),—-) —i(A,—)

which is a quasi-isomorphism because it is a lift of the previous 0*"-cohomology isomorphism, and both A
and B are pretriangulated. This shows that i is left quasi-representable as a bimodule and hence it admits
a left adjoint a« € RHom(A, B) as a consequence of [10, Prop 7.1]. In particular, by unicity of adjoints, we
have that H%(a) & F.

Observe this implies, in particular, that dg Bousfield localisations have left quasi-adjoints.

Remark 3.10. Fix the same notations as in Remark 3.9. As a direct consequence of the theory of adjunctions
of quasi-functors from [10, §6], there exist morphisms Id 4 — i®Ea in H°(RHom(A,.A)) C D(A®.A%) and
a®%i— Idg in H°(RHom(B, B)) C D(B® B°P), called the unit and counit of the adjunction respectively,
where ®" is the composition of bimodules, which preserves right quasi-representability (see [12, §6.1]).
Observe that in our particular situation the counit a ®% i — Idp is an isomorphism in H°(RHom(A, A))
and hence a ®I;li and Idg are quasi-isomorphic in RHom(B, B). Moreover, notice that a is cocontinuous, i.e.
it belongs to RHomc(A, B).

Remark 3.11. Observe that a dg Bousfield localisation induces a classical Bousfield localisation of the cor-
responding underlying triangulated category.

3.2.3. Equivalent approaches to localisation

When we restrict to the world of well generated triangulated categories, there is a nice correspondence
between localising subcategories and Bousfield localisation, as we have pointed out at the beginning of §3.1.
This result can be easily enhanced to the dg realm. In particular, for a well generated dg category B, there
is a poset isomorphism between:

(1) The poset Wyg of localising subcategories of H°(B) generated by a set, ordered by inclusion;
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(2) The opposite poset (Lqgg)°? of the poset Lqg of Bousfield localisations of B with kernel of the left adjoint
(at the 0*-cohomology level) generated by a set, ordered by inclusion, i.e. we write i C i’ if and only if
Im(¢) C Im(é’') as sub-dg-categories, where Im(7) denotes the quasi-essential image of i.

The poset isomorphism is described as follows:

(1) Let W be a localising subcategory of H°(B) generated by a set. In particular, we have that W+ C H°(B)
has a left adjoint and hence gives rise to a localisation functor

H(B) — W+ — H°(B),

such that the composition Wt — H?(B) — H®(B)/W is an equivalence and W+ is well generated (see
[17, Prop 7.2.1, Prop 5.2.1 & Prop. 4.9.1)).

Denote by Ly the full dg subcategory of B obtained as an enhancement of W+ C H°(B) via the natural
enhancement of H°(B). We have that Ly is a well generated dg category, and that F : H°(B) —
HO(B)/W = W+ is a left adjoint of H(i) : H°(Lyy) € H°(B), where i denotes the embedding £yy C B.
In addition, Ker(F') = W, which is generated by a set of objects.

To each W € Wy we assign the so constructed Ly € Lgg.

(2) Let i: B — A be a Bousfield localisation of a well generated dg category A such that the kernel of the
left adjoint F' of H°(i) is generated by a set of objects. Observe that Ker(F) is a localising subcategory
of H°(B). We put W, = Ker(F).

We assign to £ € Lqg the so constructed W, € Wyg.

3.3. The a-cocontinuous derived category

In this section we recall the a-cocontinuous derived category of an a-cocomplete dg category from [27]
(note that in [27] it is called the “a-continuous derived category”).

Definition 3.12. [27, §6] Let C be a homotopically a-cocomplete small dg category. The a-cocontinuous
derived category Do (C) is defined as the full subcategory of D(C) with objects given by the dg functors X
such that for every a-small family of objects {A;};c; the canonical morphism

H°(C)

o X) | T A ) — JTH" (049 (11)

HY(C)
is invertible for all n € Z, where ][ A; denotes the coproduct taken in H°(C).

3

Remark 3.13. Observe that, in particular, the representable dg modules belong to D, (C).

Remark 3.14. In addition, one can give an equivalent definition of D, (C) as a Verdier quotient of D(C) with
respect to the localising subcategory N generated by the cones of the morphisms

{ox: [Ther = hypmoer o I (12)
i€l

where A varies in the set of all a-small families {C; };es of objects of C.
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Definition 3.15. We call the natural enhancement of D, (C) via the enhancement D(C) of D(C) the a-
cocontinuous derived dg category of C. We will denote it by D, (C).

There is an equivalent construction of D,(C) in Hge as a dg quotient. Indeed, we have that for the dg
quotient D(C)/N’, where N is the natural enhancement of A above via the enhancement D(C) of D(C),
the natural composition of morphisms in Hqe

D.(C) — D(C) — D(C)/N” (13)
is an isomorphism. This induces a morphism @, € [D(C), D, (C)]. In particular, we have the following

Theorem 3.16 (/27, Thm 6.4]). Let a be a homotopically a-cocomplete small dg category. Then Dq(a) is
a-compactly generated by the images of the free dg modules {a(—, A)} aca through the localisation functor
D(a) — Dq(a).

8.4. Enhanced derived Gabriel-Popescu theorem

In [27], Porta proved a derived version of the Gabriel-Popescu theorem, showing that a triangulated
category T is well generated and algebraic if and only if there exists a small dg category a such that 7 is
triangle equivalent to the Verdier quotient of D(a) by a localising subcategory generated by a set. Further,
T is a-compactly generated and algebraic if and only if there exists a small homotopically a-cocomplete dg
category a such that 7 is triangle equivalent to D, (a).

We are interested in enhanced versions of these results, which can easily be deduced making use of the
higher observations (see also [7]).

Theorem 3.17. Let C be a pretriangulated dg category.

(1) C is well generated if and only if there exists a small dg category a such that C = D(a)/W in Hqe, where
W is the enhancement of a localising subcategory of D(a) generated by a set.

(2) C is a-compactly generated if and only if there exists a small homotopically a-cocomplete dg category a
such that C = D, (a) in Hqe.

From Theorem 3.17, one deduces (see [33, §3.1]):

Corollary 3.18. Let C be a pretriangulated dg category. Then C is well generated if and only if C is locally
presentable in the sense of [33].

8.5. The cocontinuous internal hom of homotopically cocomplete dg categories

In this section we prove that given a {-small dg category b, and a well generated U-small dg category C
with a {-small set of generators, the internal hom RHom(b,C) in U — Hqe is a well generated dg category as
well. As a consequence of this result, we prove that for any two {-small dg categories a, b with b homotopically
il-cocomplete (resp. a-cocomplete) the internal hom RHom(a, b) is also homotopically $l-cocomplete (resp.
a-cocomplete) in il — Hge, while if also a is homotopically {l-cocomplete (resp. a-cocomplete), then so is
RHomc(a, b) (resp. RHom, (a, b)) in f — Hqe.

We will start first with some considerations on the two variable setting.

The fact that the cofibrant replacement @) in dgcat; can be taken to be the identity on objects, permits
to define a canonical functor
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ip:a—a®"b=a®Q(b): A— (A,B)

for all B € b (see [32, §4]).
One can then consider the induced dg functor

(ip)* : dgMod(a @" b) — dgMod(a) : F = Foig = F(—, B),
sometimes called restriction of scalars. This dg functor has a left adjoint
(ip): : dgMod(a) — dgMod(a @" b),

sometimes also called extension of scalars. Moreover, (ip)* preserves acyclic dg modules, hence it induces
an exact functor

(i)* : D(a ®" b) — D(a)
In addition, the left derived functor
L(ig) : D(a) — D(a ®" b),

is a left adjoint for (ip)* (see [21, §1]). Observe our notations for the restriction and extension of scalars
functors follow the convention from classical topos theory as in [1] while in [21] another convention is used.

Lemma 3.19. Let a and b be small dg categories and consider an object B € b. Then we have that the functor
L(ig) & — @ b(—, B).

Proof. Since L(ip), is a left adjoint between well generated triangulated categories, it preserves coproducts.
Therefore, it is fully determined by its value on the representables, as they generate D(a). Consider a module
F € D(a®" b). Then, for any object A € a we have that

D(a@" b) (L(in)(a(—, A)), F) = D(a) (a(=, A), (ip)*(F))
(a)

where the first equivalence is given by the adjunction L(ig), 4 (ip)*, the second by definition of (ip)*, the
third and the fourth by definition of the morphisms in derived categories (see [12, §4]) and the last one can
be readily seen using Proposition 2.1. As this holds for all F' € D(a®"b), we conclude by Yoneda lemma. O

Lemma 3.20. Let a,b be two small dg categories and W C D(a) a localising subcategory generated by a set.
Then the triangulated subcategory

W ={X eD(@a"b) | (ip)"(X)=X(—,B) € W for all B € b}

of D(a ®" b) is localising and generated by a set. In particular, if W is generated by a set N, then we have
that W' is generated by the set N' = {L(ig)i(N) | N € N, B € b}.
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Proof. The fact that (ip)* preserves small coproducts immediately shows that W’ is a localising subcategory
of D(a ®" b).

We first prove that W’ is generated by a set (and hence well generated by [17, Thm 7.2.1]). Given an
object B € b, consider the composition

D(a @ b) 25 D(a) —% D(a)/W,
where @) denotes the Verdier quotient functor. Observe that both (ig)* and @ preserve small coproducts,

as they are left adjoint functors between well generated categories. Therefore, by [17, Thm 7.4.1] we have
that

Ker(Qo (ip)*) = {X € D(a®" b) | (i)*X = X(—,B) e W}
is also well-generated and in particular generated by a set of objects. Notice now that, as

ﬂ Ker(Q )*) € D(a®" b),
Beb

we can apply [11, Lem 3.2] to conclude that W’ is also generated by a set of objects.

We now show the second part of the statement, namely, that if W = (N) for a set N, then W' = (N)
with NV = {L(ig)(N) | N € N, B € b}.

We first prove that (N') C W'. As W’ is localising, it suffices to show that N/ C W'. Let’s take
X =L(ig)(N) € N'. We have that X (—, B") = L(ig)(N)(—, B") = N(—)®"b(B’, B) by Lemma 3.19, and
one can easily see that it belongs to W. Indeed, we have that N = N(—) ®" k[0] € W where k[0] € D(k)
denotes the complex concentrated in degree 0 with & in the O-term. In addition, k[0] is a compact generator
of D(k), hence b(B’, B) € D(k) can be written in terms of direct sums, extensions and shifts of k[0]. As
N(—)®" —: D(k) — D(a) commutes with all these, and W is localising, we can conclude. Hence, we have
that (M) CW'.

Now we prove that W’ C (N”). Observe that it suffices to show that (N}t C WL, Indeed, if we take
left orthogonals, we have that

W' C W) C V) = (),
where the last equality comes from [17, Prop 4.9.1(6)] because (N”) is a localising subcategory generated by

a set of a well generated category. Recall from Proposition 3.6 that (N”)+ = A+, Let’s consider X € N’ +.
Then, we have that

0=D(a®"b)(L(ip)(N), X),
for all N € N and all B € b. Hence we have that
0=D(a®"b)(L(ip)(N), X) = D(a)(N, (ip)*(X))
for all N € A and all B € b. Thus (ig)*(X) = X(—, B) € Nt = W for all B € b. We are going to show
that this is enough to conclude that X € W'+,
Observe that, because W' is a well generated subcategory of D(a @ b) closed under coproducts, by [17,

Thm 5.1.1] we have that W’ is a right admissible subcategory [5, Def 1.2] and (W’ -+, W') is a semiorthogonal
decomposition of D(a®%b) (see for example [18, Lem 2.5]). Therefore, we have a diagram of adjoint functors
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’ ’

J q
W ———= D(aa"b) m/————= W'+

where j' 4 d’, ¢ 41 with d'j’ = 1y, ¢/ = 1)y, and furthermore ker(q’) = Im(j’) and ker(a’) = Im(7’).
In particular, the projection functors associated to the semiorthogonal decomposition as in [18, §2.2] are
precisely given by i'q’ : D(a®%“b) — D(a®%b) and j’a’ : D(a®@" b) — D(a®" b) (see, for example, the proof
of [4, Lem 3.1]). Analogously, we have that (W, W) is a semiorthogonal decomposition of D(a) and thus
we have a diagram of adjoint functors

W e D(a) ———— W+

where j 4 a, ¢ 4 ¢ with aj = 1y, ¢i = 1y, and furthermore ker(q) = Im(j) and ker(a) = Im(7).
The projection functors associated to this semiorthogonal decomposition are ig : D(a) — D(a) and ja :
D(a) — D(a). Now, observe that for all B € b we have that the functor (ip)* is compatible with the given
semiorthogonal decompositions in the sense of [18, §3], that is, we have that for all B € b:

o (ip)*(W') C W: This follows by definition of W';

o (ig)*W'+) C W: Let X € W'+, Then, given any Y € W we have that D(a)(Y, (ip)*(X)) = D(a ®"
b)(Y ®“b(—, B), X) and this latter is equal to 0 because Y @ b(—, B) € W', which can be shown using
the same argument as in the proof of the inclusion (N') C W' above.

Hence, by applying [18, Lem 3.1] we have that, with the notations above

(ip)*j'a = ja(ip)* (14)
(ip)*i'q =iq(ip)”.

Notice now that, because (WL, W') is a semiorthogonal decomposition, we have that our initial object
X € N+ C D(a®"b) fits in a distinguished triangle of the form

jla'(X) — X —i'q'(X) — j'd'(X)[1],

where the morphisms are induced by the counit and unit of the adjunctions above. If we now apply (ig)*,
we obtain a distinguished triangle

(ip)"j'a/(X) — (i)' X — (ip)"i'¢ (X) — (ip)"j'd’(X)[1].

Observe that (ig)*j'a’(X) = ja(ip)*(X) for all B € b because of (14). We showed above that for all
B € b we have that (ip)*(X) = X(—, B) belongs to W+ and hence a(ip)*(X) = 0. Therefore, we have
that 0 = ja(ig)*(X) = (ip)*j'a’(X) for all B € b. Consequently, we have that j’a’(X) = 0 and thus
X ~4'¢’(X) € W'+, which concludes the argument. 0O

Remark 3.21. Observe that the presented proof is symmetric in the arguments, and hence the similar
statement for W C D(b) a localising subcategory generated by a set holds as well.

We are now in disposition to prove:

Theorem 3.22. Let b be a U-small dg category and C a well generated U-small dg category. Then, RHom(b, C)
is a well generated B-small dg category.
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Proof. As C is pretriangulated by hypothesis, so is RHom(b,C) for any small dg category b (see for instance
[9, Rem E.2 & E.4]).

As C is a well generated dg category, by Porta’s Gabriel-Popescu theorem, there exists a small dg category
¢ such that C is a Bousfield localisation of D(c), that is, there exists a quasi-fully faithful functor i : C — D(c)
which has a cocontinuous quasi-left adjoint ' € RHom.(D(c),C).

We have that, by [32, Cor 6.6], the morphism

j : RHom(b,C) — RHom(b, D(c))

induced by the dg functor i is quasi-fully faithful as well, thus H(j) is a fully-faithful functor. Observe that,
if we consider 7 as a right quasi-representable bimodule and we denote it by h;—y € RHom(C, D(c)), we have
that j = h;_) ®¢ (—). Then, the natural bimodule F’ = F®B(C) (—) € RHom(RHom(b, D(c)), RHom(b,C))
can be easily seen to be a quasi-left adjoint of j : RHom(b,C) — RHom(b, D(¢)). Indeed, we have a counit

F' OfomB0(e) J = F ©B(0) hi(—) ©¢ (=) — 1de @ (=) = IdRHom(b.0)

induced by the counit of the quasi-adjunction F' -go h;_y and a unit

IdRHom(s,D(c)) = 1db(e) DB (e) (=) — hi(—) O F OB (o) (=) = J Ohirtom(o.c) F’

induced by the unit of the quasi-adjunction F' -go h;_y. We thus have that j is a dg Bousfield localisation
of RHom(b, D(¢)), and hence

HO(RHom(b, ) 229 HO(RHom(b, D(c)))

is a Bousfield localisation of H°(RHom(b, D(c))).

Now observe that RHom(b,D(c)) = D(b°° ®" ¢) in Hge as a direct consequence of the fact that
D(c) = RHom(c°P, D(k)) in Hqe (see [32, §7]). We hence have an exact isomorphism f : D(6°° @  ¢) —
H°(RHom(b, D(c))) and it is not hard to see that every X € D(b°® @ ¢) is sent via f to the associated
quasi-respresentable bimodule X : b — D(c) in H°(RHom(b, D(c))). Consequently, via f, we have that

“leH(j)
—_—

0 ’ °
D6 @ ¢) Z-F%%, FO(RHom(b,C)) £ D(6% @F ¢)

provides a Bousfield localisation of D(b° & ¢). In addition, observe that
Ker(H(F')o f) =2 {X € D(b°® @" ¢) | (ip)*(X) = X(B, —) € Ker(H(F)) for all B € B},

where Ker(HY(F)) is a localising subcategory of D(c) generated by a set of objects. Then we can conclude
by Lemma 3.20 that Ker(H?(F') o f) is also generated by a set of objects. Consequently, H°(RHom(b,C))
is also well generated, as we wanted to show. O

Lemma 3.23. Consider small dg categories b, ¢, ¢ and a quasi-fully faithful dg functor ¢ : ¢ — ¢’. Consider
the induced morphism h, @Y — : RHom(b, ¢) — RHom(b, ¢'). Consider a quasi-functor F € RHom(b, )
which is such that HO(F) : H°(b) — HO(¢') factors through H°(p). Then, there exists F € RHom(b, ¢)
such that h, @ F = F as elements in H°(RHom(b, ¢')).

Proof. Consider the first argument (derived) bimodule restriction functor ¢} : D(b°P @ ¢/) — D(b°P @ ¢)
and the first argument derived bimodule extension functor L((1)1) : D(6°® ®@L¢) — D(b°? @ ¢'). Let F be
as in the statement of the lemma and put F' = ¢} (F). Consider the Yoneda embeddings y. : H°(c) — D(c),
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ye + HO(¢) — D(¢’), the (derived) restriction functor ¢* : D(¢/) — D(c) and the derived extension functor
L(¢1) : D(¢) — D(¢’), for which we have

L(g)ye = yo H(p) (15)

in D(c°?®@%¢’). Consider F' € RHom(b, ¢) as in the statement of the lemma. We consider F' : b — D(¢’) and
HO(F) : H°(b) — D(¢’). Since F is a quasi-functor, there exists f : H°(b) — H(¢') with HY(F) & y. f
(note that we usually denote H°(F') = f for quasi-functors, but we refrain from doing so within this proof).
By assumption, there exists g : H°(b) — H(¢) with

H(p)g = f. (16)
Using (15) and (16), we thus have
H(F) = yo f = yo HO(0)g = L(1)yeg (17)
and
HO(F) = ¢"L(91)yeg = yeg (18)

where in the last equation we have used that ¢ is quasi-fully faithful. Equation (18) already shows F to be
a quasi-functor. Comparing the expressions (17) and (18), we see that H*(F) = L(¢))H°(F) canonically.
From this, one readily deduced that the canonical natural transformation hy, @Y F = L((¢1))¢}(F) — F
is an isomorphism in H°(RHom(b,¢)), as desired. 0O

Corollary 3.24. Consider a small dg category b and a dg category C. Let « be a cardinal with o < ||.

(1) If C is homotopically a-cocomplete, then so is RHom(b,C). Moreover, on the level of induced func-
tors between the HC-categories, coproducts are pointwise: for an a-small family (F;);e; with F; €
H°(RHom(b,C)) with coproduct []; F;, the functors H°(F;), H(]], F;) : H°(b) — H°(C) are such
that

H°(C)

O(HFi)(B): H H(F,)(B).

%

(2) If C is homotopically cocomplete, then so is RHom(b,C), and the coproducts are pointwise on the level
of induced functors between the H°-categories.

Proof. Clearly, (2) is the case a« = |{] in (1). Suppose C is homotopically a-cocomplete for o < |4|. Let
U be a universe such that 4 € U and C is U-small. Then B—RHom(b,C) is constructed as an essentially
U-small dg category which is a tl-category, and « is a U-small cardinal. For Y : C — U—D,(C) we have
a canonical morphism

Y¢ : RHom(b,C) — RHom(b,¥—D,(C))
which is quasi-fully faithful [32, Cor 6.6]. Since the codomain is U-well generated by Theorem 3.22

and hence -cocomplete, it suffices to show that H°(RHom(b,C)) is closed under a-small coproducts in
H°(RHom(b, —D,(C))).
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Let (F; € RHom(b,C));e; be an a-small collection of objects. We may assume that b is cofibrant and
that we have dg functors f; : b — C with F; = Y f; for Yz : C — U-D(C).

We will consider the functors F* = Y f; as representatives of the objects Y& (F;) € RHom(b, B—D,(C))
(where we refrain from writing the composition with a further Yoneda embedding in order to obtain the
associated bimodules).

Consider the canonical quotient of dg 2U-categories @ : U—D(C) — LB—D,(C) and the induced quotient

Q : RHom(b, B—D(C)) — RHom(b, B—D,(C)).

The coproduct of the objects F* € H°(RHom(b, B—D,(C))) is given by F = Q(I[, Fi) = Qo [[; F; for
F; € H°(RHom(b,5—D(C))) = U-D(b°® ® C). By Lemma 3.23, it suffices to show that H°(F) factors
through H%(Y). To see this, we compute

B-D(C) B—D4(C)
HO( H hfl(B) H hfl(B hHHO(C) fi(B) (19)

where we have used the characterisation of the a-cocontinuous derived category from Remark 3.14. The
computation (19) also demonstrates the additional claim. O

Corollary 3.25. Consider dg categories A and B. Let o be a cardinal with o < |].

(1) If A and B are homotopically a-cocomplete, then so is RHom, (A, B). Moreover, on the level of in-
duced functors between the H°-categories, the a-small coproducts are pointwise. If in addition B is
pretriangulated, then so is RHom, (A, B).

(2) If A and B are homotopically cocomplete, then so is RHom.(A, B). Moreover, on the level of induced
functors between the HO-categories, small coproducts are pointwise. If in addition B is pretriangulated,
then so is RHomc(A, B).

Proof. Again, (2) is the case a = |4] in (1). Let ¥ be a universe with 4l € ¥ and such that A and B are
P-small. Then o < Y. From Corollary 3.24 we know that RHom(A, B) is homotopically a-cocomplete.
In order to prove that H°(RHom, (A, B)) is a-cocomplete it is enough to show that it is closed under
a-small coproducts in H°(RHom(A, B)). Consider an a-small family (F;);c; in H°(RHom, (A, B)). B
Corollary 3.24, we have that

H°(RHom(A,B)) H(A) H°(B) H(A)

H° 11 F; IT 4 )= T #°@ | I] 4

9

for all a-small families (A4;)jes of elements of HY(A). From the fact that the F;’s are a-cocontinuous we
have that

H°(B) H°(A) H°(B) H*(B) H°(B) H°(RHom(A,B))
IT #°F) H Al =11 I B°F)a)= 1] (H° 1T Fi | (45) |,

which proves that HfO(RHom(A"B)) F; belongs to HY(RHom,, (A, B)) as desired.

Now assume that B is pretriangulated. By [9, Rem E.2 & E.4|, we know that RHom(A, B) is also
pretriangulated, with the triangulated structure inherited from that of D(B ®% A°P). It is then enough to
show that H°(RHom, (A, B)) € H°(RHom(A, B)) is a triangulated subcategory. Take F' € RHom, (A, B)
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and consider its shift F[1] when seen in the triangulated category H°(RHom(A, B)). We prove that F[1] is
a-cocontinuous. Indeed, for any small family (A;); of objects of A, we have that

HO(A) O(A)

@ | 11 4 = | 7w H A

°(B)

H HY(F 1]

H°(B)

[T @& F)Ann)

i

HO(B)

[T @& @),

i

where in the first and last equalities we use the fact that triangulated structure in H°(RHom(A, B)) is
inherited from the canonical one in D(B ®" A°), in the second equality we use that F is a-cocontinuous
and in the third equality we use that shifts commute with coproducts. Now consider an exact triangle

F—F —F"— F[1]

in HY(RHom(A, B)), where F, F’ € H°(RHom, (A, B)). Given an a-small family (4;) of elements in H°(A),
for all ¢ we have the exact triangle

HO(F)(A;) —— HO(F')(A;) —— H(F")(A;) —— H°(F)(4;)[1] (20)

in H°(B). Observe now that we have the following diagram with rows exact triangles:

H°(A) H(A) HO(A) HO(A)
HO(F)( 1 Ai> - H"(F')( i Ai> - HO(F”)( I A) = HO(F)< i AZ-) 1]

H°(B) H(B) H°(B) H°(B)
[[ B(F)(A) — I H(F)(A) — 11 HY(F")(A) — 1 H(F)(A)[1]

i i

where the exact triangle below is the coproduct of the family of exact triangles from (20) above, and the
vertical equalities are given because both H°(F) and H°(F’) are a-cocontinuous by hypothesis. By the
axioms of triangulated categories, we have that

HOY(A) H%(B)
HO(F”) H Ai H HO F//
Hence F" € RHom, (A, B), which concludes the argument. 0O

3.6. The cocontinuous internal hom of well generated dg categories

In this section we prove that for well generated dg categories A and B, the dg category RHom,(A, B) is
again well generated.
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Remark 3.26. Let b be a small dg category and consider the associated dg Yoneda embedding Yy : b — D(b).
From this point on, we will abuse notations and write Y, = hy, € RHom(b, D(b)). In the same lines, if b
is homotopically a-cocomplete and Y : b — D4 (b) is the corestriction of the Yoneda embedding, we will
write Yy = hy; € RHom(b, Dy (b)).

The following result extends Toén’s derived Morita theory (the case C = D(c)) from [32, Thm 7.2] (see
also [6, Corollary 4.2]).

Proposition 3.27. Let b be a small dg category and C a well generated dg category. We have that the dg
functor

— ®"“ Y, : RHom,(D(b),C) — RHom(b,C), (21)

is a quasi-equivalence, where Yy, € RHom(b, D(b)) is the dg Yoneda embedding (see Remark 3.26). Therefore,
RHom.(D(b),C) = RHom(b,C) in Hqe.

Proof. If C = D(c), the theorem reduces to derived Morita theory. In order to provide the proof for C
an arbitrary well generated dg category, we will build upon the proof of [6, Corollary 4.2]. Consider C a
well generated dg category. In particular, by Theorem 3.17 there exists a small dg category ¢, a quasi-
fully faithful dg functor i : C — D(¢) and a bimodule a € RHom(D(c),C) such that a 4go ¢ and hence
in particular, a ®B(c) i = Ide € H°(RHom(C,C)) by Remark 3.10. This implies that [a]is, o [{] = Id¢ in
Iso(H°(RHom(C,C))) = [C,C] (see Proposition 2.2), where [a]is, denotes the isomorphism class of [a] €
H°(RHom(C,C)).
First, we prove that, for every well generated dg category C, the map

[D(b),Cle — [b,C]: f = folYe] (22)

is a bijection, where [—, —]. indicates the subset of morphisms in Hqge such that the induced morphism
between the homotopy categories preserves coproducts.

We first prove surjectivity. Consider g € [b,C]. Then, [i] o g € [b,D(c)] and by derived Morita theory,
there exists f € [D(b), D(c)]c such that f o[Yy] = [i] o g. Consider now [a]is, © f, which belongs to [D(b),C]..
Then, [a]iso © f © [Ys] = [a]iso © [i] © g = g, which proves surjectivity.

In order to prove injectivity, one can follow a very similar argument to that of the proof of [6, Prop 3.10]
in which a first step towards the proof of derived Morita theory is provided. We provide the details here for
convenience of the reader. Consider fi, fa € [D(b),C]c such that fi o [Ys] = f2 o [Yp]. By composing with
[i], we have [i] o f1 o [Vp] = [i] o f2 o [Ys] € [b, D(c)]. It follows from [6, Prop 2.11(3)] that there exists a dg
category A and a quasi-equivalence I : A — D(b) such that f; = [F;]o[I]~! with F; : A — C a dg functor
for i = 1,2. Consequently, we have that [i] o f; = [i o F;] o [I]7! for i = 1,2. We denote by a the full dg
subcategory of A such that I’ := I, induces a quasi-equivalence of a with the full dg subcategory qrep(b)
of D(b) and by J : a — A the inclusion. We write G; := F; o J : a — C for i = 1,2. We hence have, for
1 = 1,2, the following commutative diagram

SLLING T09)

A
] /G (23)

Following the notations of [6, §3.1], we consider the extension of i o G;:

D(b) +——

I
7]
I/

grep(b) +——

~
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i0G dgMod(a) — dgMod(c) : X — E; @ X

where E; € dgMod(c ®" a°?) is the bimodule corresponding to the functor i o G; : @ — D(c), and the
restriction of 7 o G:

i/c:\CTi : dgMod(¢) — dgMod(a) : X — dgMod(c)(i o G;(—), X).

By [6, Prop 3.2], we have that H O(i/oa) is cocontinuous and it is easy to check that i 0 Gy restricts to a

dg functor D(a) — D(c), because i o G;(a) C D(c). In addition, we have the adjunction i0G; 1ioG.
From the discussion above, we have that

lioGilo I = [io Filo (1™ o [J'] = [i0 Fo] o 1" o [J'] = [i0 Ga o [I] 7,

and hence [i o G1] = [i 0 G3]. From [6, Lem 3.9] if follows that [2/0-671} = [Z/O-CTQ]

Consider now the restriction functor J* : dgMod(A) — dgMod(a) : X — X o J and the composition
K = J* o Y. From the proof of [21, Prop 1.17] it follows that H°(K) is cocontinuous and one has that
K(J(@) = Ya(a) C D(a).

Now observe that io G; oio F;(A) = D(c)(i o G;(—),i 0 F;(A)) for all A € A, and hence we have the

P

following natural transformation v : K — i 0 G; o i o F; induced by i o F;:
va: K(A) = A(J(=), A) — D(c)(i o F; 0 J(—),i 0 Fy(A)) = i0 G, 0io Fy(A).

By adjunction, we have a natural transformation 3 : i/oai o K — 1o F; with the property that Ho(ﬂ)u(a)
is an isomorphism, where H°(.J(a)) forms a compact generator of the well generated triangulated category
H°(A). Consider the functor ®, : D(c) — qrep(C) associated to a € RHom(D(c),C). By composing
with ®, we obtain a natural transformation « : ®, o i/o-ai oK — ®, 0140 F; such that Ho(a)|J(u) is an
isomorphism. Then, we have that H(C) is well generated, H(®,), H°(i 0 G;) and H°(K) are cocontinuous,
and so is H%(®,) o H(i) o H°(F;) = H°(F;). Consequently, by the same argument of [6, Rem 2.4], we have
that « is a termwise homotopy equivalence, and hence [also 0 [z/oa} o[K] = [a]iso 0 [t] o [F;] = [F;] for i = 1, 2.
Now, as [Z/OG\l] = [1/052], we obtain that [F}] = [Fy]. This finally implies that f; = fo as desired.

Now, define [D(b) @ a, C]. as the subset of [D(b) ®" a,C] consisting of elements f such that H°(f)(—, A)
preserves coproducts for all A € a. Then, we have the following commutative diagram induced by the Yoneda
embedding Yy : b — D(b):

[, RHom, (D(b),C)] —=2%°=, (¢ RHom(b,C)]

] ]

[D(b) @™ a,C] [a @ b,C] (24)

=| ~|

[D(b), RHom(a,C)], —— 2L [6, RHom(a, )],

where the vertical arrows are induced by the ®@*-RHom adjunction in Hge. As RHom(a, C) is well generated
by Theorem 3.22, we have that the lower horizontal arrow is a bijection by the discussion above, and thus
s0 is [~ ®" Y] o —. Then, using Proposition 2.3 we can conclude that [~ ®" Y}] is an isomorphism in Hge,
proving that — @ Y}, is a quasi-equivalence, as desired. O

Proposition 3.28. Let b be a homotopically a-cocomplete small dg category and C a well generated dg category.
We have that the dg functor
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— ®@"Y{ : RHom(D,(b),C) — RHom,(b,C) (25)

is a quasi-equivalence, where Y] € RHom(b, D, (b)) is the corestriction of the dg Yoneda embedding (see
Remark 3.26). Therefore, RHomc(D,(b),C) = RHom,(b,C) in Hge.

Proof. First recall that we have a dg Bousfield localisation a 4go i : D, (b) &= D(b). One can easily see
that a®15(b) Y, € RHom, (b, D, (b)) is a-cocontinuous and it is isomorphic in H°(RHom,, (b, D,(b))) to the
corestriction of the Yoneda embedding Y| : b — D,/(b), which can be easily deduced from the fact that
Yy =io0Y{. Hence, we have that

i @B (6) @ @B(ey Yo = Yy € H’(RHom(b, D(b))).
We are going to show that, for any well generated dg category C, the map
[Da(b),Clc — [b,Cla & f — [ o[aliso o [Ys] (26)

is a bijection, where [—, —]. (resp. [—, —]») indicates the subset of morphisms in Hge such that the induced
morphism between the homotopy categories preserves small coproducts (resp. a-small coproducts). Given
folalisoo[Ys] = f'o[aiso0[Ys], then, by derived Morita theory, as both fo[a]is, and f’olalis, are cocontinuous,
we have that f o [a]iso = f' 0 [a]iso. Consequently,

f = f o [a]iso o [i]iso = f/ o [a']iso o MISO = flv

which proves injectivity.

Next, consider g € [b,C],. Then, by derived Morita theory, there is an element f € [D(b),C]. such that
fo[Ys] =g. We are going to show that f factors through [a]iss € [D(b), Dy (b)]c. Indeed, by the description
of the kernel of H’(a) provided in Remark 3.14 and the universal property of the dg quotient (10), f factors
through [a]is, if and only if

HO(f)(H Ye(Bi)) = Ho(f)(Yb(H By)),

where ][, B; is seen in H°(b), for all a-small coproducts. But this condition is readily seen to be satisfied
taking into account that f is cocontinuous and f o [Y] = g is a-cocontinuous, and hence

f =to [a]iso.

In addition, ¢ is also cocontinuous by the universal property of the dg quotient (10), that is ¢ € [D4(b),C]c.
Now, observe that

tolaliso o [Yo] = fo[Ys] = g,

which proves surjectivity.

Now, we define [D,(b) ®" a,C]. as the subset of [D,(b) ®" a,C] consisting of elements f such that
HO(f)(—, A) preserves coproducts for all A € a. We define analogously [b®"a,C]/, as the subset of [b @" a,C]
consisting of elements f such that H°(f)(—, A) preserves a-small coproducts for all A € a. Then, we have
the following commutative diagram induced by the dg functor Y, : b — D, (b):
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[0, RHome (D (), 0)] ——2Y°", (4 RHom,(b,C)]

1 I

[Da(b) @ a,C]. [b®"a,C]

| |

[Da(b), RHom(a,0)], —2=2X [b, RHom(a, )]
oYy

(27)

!
[e%

where the vertical arrows are induced by the ®“-RHom adjunction in Hge. As RHom(a, C) is well generated
by Theorem 3.22, we have that the lower horizontal arrow is a bijection, and hence so is [— @ Yo —.
Therefore, using Proposition 2.3 we can conclude that [— @ Y] is an isomorphism in Hqe, as desired. O

Before proving the main result of the section, we will need the following lemma.

Lemma 3.29. Let A be a well generated dg category and consider a small family of full well generated
pretriangulated dg subcategories {B;}icr of A closed under homotopy coproducts. Then (), B; is a well
generated pretriangulated dg subcategory of A.

Proof. Observe that H°(, B;) = (), H°(B;) is a triangulated subcategory of A, and hence (), B; is a
pretriangulated dg subcategory of A. It is thus sufficient to show that H°((, B;) is well generated. By
hypothesis, we have that H°(A) is well generated and that, for all i € I, H°(B;) C H%(A) is a localising
ier HO(B;i) = H°(N;¢; Bi) is also a localising
subcategory of H(A) generated by a set of objects [11, Lem 3.2]. We can conclude by applying [17, Thm
7.2.1] that H°((), B;) is well generated. O

subcategory generated by a set of objects. Consequently,

Remark 3.30. The proof of the following theorem is a dg parallel of the argument followed in [2, Thm 2.60]
in order to prove that the category of models of a sketch taking values in an accessible category is again
accessible.

Theorem 3.31. Let A, B be two well generated dg categories. Then RHomc (A, B) is well generated.

Proof. By Theorem 3.17, we can choose a cardinal « such that A = D,(a) for a a homotopically «-
cocomplete small dg category. We can further assume that a is cofibrant. By Proposition 3.28, it is enough
to prove that RHom,, (a, B) is well generated. Consider the small family A = {(A4;)icr | 4i € a,|I| < a} of all
a-small families of objects of a. Given A = (A;);er € A, denote by &, the full dg subcategory of RHom(a, )
with objects F' such that the canonical morphism Hfio HY(F)(A;) - H O(F)(]_[ZHO A;) is an isomorphism
in HY(B). Observe that RHomg (a, B) = [y €x- We claim it is enough to prove that &£y is well generated
for each \. Indeed, we know by Theorem 3.22 that RHom(a, B) is well generated, and one can readily check
following the same argument of the proof of Corollary 3.25 that £, are pretriangulated dg subcategories of
RHom(a, B) closed under homotopy coproducts. Hence, by Lemma 3.29, if £, is well generated for every
A € A, we can conclude that (., €x is a well generated pretriangulated dg subcategory of RHom(a, B).

It hence remains to prove that £ is well generated for every A € A. In order to show this we will prove that
&y is a homotopy fiber product of a cospan diagram of well generated dg categories with cocontinuous dg
functors. This allows us to conclude using the fact that the homotopy category of well generated dg categories
(i.e. locally presentable dg categories) with cocontinuous morphisms is closed in Hqe under homotopy limits
(see the proof of [33, Lem 3.3] or [29, Rem 6.2.2]).

Fix A = (Aj)ier € A and consider the family of canonical morphisms s; : A; — ]_[{{0 A; in H%(a). We fix
a family r; : 4; — ]_[ZHO (A;) in Z%(a) lifting the s;. Consider the dg category Arg with two objects X, X’
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and morphisms Arg(X, X) = klx, Arg(X', X’) = klx/, Arg(X’, X) = 0 and Arg(X,X’) = kx with = a
morphism in degree 0. We introduce the following dg functors:

o We define the dg functor C' : RHom.(D(a), B) — RHom(Arg, B) as follows. For any F' € RHom.(D(a), B)
we associate the quasi-functor C(F), that as a dg functor ®¢(py : Arg — qrep(B) is given by assigning
to X the object ®r([[; ha,) € qrep(B), to X' the object (I)F(hHHO 1) € qrep(B) and to = the morphism

®p(cany) where cany : [[, ha, — hymo , is the canonical morphism in D(a) induced by h,,. In order

i Al
to lighten the notations, from this point on and for the rest of the proof we will not distinguish between
right quasi-representable bimodules F' and their associated dg functor ® p. Given a morphism v : F — G,

we associate to it the following natural morphism C(v) in RHom(Ar, B):

C(F)(z)=F(cany)

YX =1 hAiJ/ l"/x/—’Ythlo A,

c(G =G(can
G(I1, ha,) L@ (@)=C(cany), G(th’O a)s

already seen inside qrep(). We will denote this morphism by (11, n a0 VR ), and from now on we

HO 4,
will follow this notation for morphisms in RHom(Arg, B). In particular, if ]; € RHom(Arg, B), we write
¢ = (91, P2).

e We define the dg functor I : qrep(B) — RHom(Arg, B) given by associating to each B € qrep(B) the
quasi-functor with constant value B and such that I(B)(z) = Idg. We define I on morphisms in the
natural way.

We are going to show that &, is the homotopy limit of the following diagram

qrep(B)

|r

RHom(D(a), B) —<— RHom(Aro, B).

This will allow us to conclude. Indeed, B is a well generated dg category and hence so is qrep(B) because
they are isomorphic in Hqge. In addition, by Proposition 3.28 we have that RHom.(D(a), B3) = RHom(a, B)
in Hge. Consequently, as a direct consequence of Theorem 3.22; we can conclude that RHom.(D(a), )
and RHom(Arg, B) are also well generated dg categories. Furthermore, both I and C' are easily seen to be
cocontinuous.

In [3, §4] a model for the homotopy limit in Hqe is described using path objects. In what follows we will
construct a quasi-equivalence from this concrete model to £,. Let us begin with describing the model for
P = RHom(D(a), B) xlﬁHom(AmB) grep(B). The objects of P are given by

{(F.B,¢) | F eRHomc(D(a), B), B € qrep(B), ¢ € RHom(Arg, B)*(C(F), I(B)),
¢ is closed and becomes an isomorphism in H°(RHom(Aro, B))}.

The morphisms of degree n are given by

P ((F1, Br, ¢1), (F2, B2, ¢2)) =
RHOIHC(D(C(), B)"(Fl, FQ) D qrep(B)"(Bl, Bz) D RHOIH(AI‘(), B)n_l(C(F1>, I(BQ))
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Given a morphism (v, pu,v) : (F1,B1,¢1) — (Fa, Ba,¢2) of degree n and a morphism (v, ', v/)
(Fy, By, ¢2) — (F5, Bs, ¢3) the composition is provided by

O V) (s s v) = (Vs 1 (1) C () + I(1)v)

and the differential is given by

d(7, p,v) = (dvy,dp, dv + (=1)"(¢2C(v) — I(p)$1))-

We first show that if (F,B,¢) € P, then the quasi-representable bimodule F ®“ Y € RHom(a, B)
lies in &y. Indeed, because ¢ : C(F) — I(B) is a homotopy equivalence, we have that H°(F(cany)) is an
isomorphism and, because F is cocontinuous, the canonical morphism ]_LHO (H°(F)(ha,)) = H(F)(I1, ha,)
also is. Therefore, the composition

HO(F(cany))

1 (HO(F)(ha,)) ——— HO(F)(I1, ha,) HO(F)(hypno )

T
is an isomorphism, and thus we can conclude that the canonical morphism

[T @ 8t v)(0) - BF & v)([ ] 49

% i

is an isomorphism as well, proving the claim.

We define a dg functor S : P — &y as follows. To every (F, B, ¢) € P we associate FQY € £, and to every
morphism (v, u,v) € P((F, B, ¢), (F', B',#')) we associate the morphism y®@*Y € &, (F@YY, F'®@LY). It is
readily seen that this is indeed a dg functor. To conclude, it is enough to show that S is a quasi-equivalence.

We first show that S is quasi-essentially surjective. We know from the proof of Proposition 3.27 that the
dg functor

RHom,(D(a), B) — RHom(a,B) : F + F@“Y

is a quasi-equivalence. Consequently, given G € H(,) C H°(RHom(a,B)), we can choose an
F € H°(RHom((D(a),B)) such that there is an isomorphism ¢ : F @Y — G in H°(RHom(a,B)).
It is then easy to check that F(cany) induces an isomorphism in H°(qrep(B)). Denote by ¢ €
RHom’(Arg, B)(C/(F), I(G(]_LHO A;))) the closed morphism of degree 0 given by (¢ o F(cany), ), where v
is a 0-cycle lifting the isomorphism

Yo 4, F et Y (] 4) = c(J]4)

i i

in HY(qrep(B)). Observe that ¢ becomes an isomorphism in H°(RHom(Arg, B)). Therefore, we have that
(F,G(]_[flo A;),¢) belongs to P, and it is easy to see that, seen as an object in H°(P), it is sent to G €
HC(&,), proving that S is quasi-essentially surjective as desired.

We now show that S is quasi-full. Consider o € Z"(E\)(S(F, B, ¢), S(F',B’,¢')) = Z"(E\)(FQVY, F' @b
Y). As &) is a full dg subcategory of RHom(a, B) and — ®" Y : RHom.(D(a), B) — RHom(a, B) is a quasi-
equivalence by Proposition 3.27, we have that there exists a ¢/ € Z"(RHomc(D(a), B))(F, F’) such that
H"(— @ Y)([0']) = [0]. Next observe that, because [¢] € H°(Arg, B)(C(F),I(B)) is an isomorphism, we
can consider a O-cycle v € RHom(Arg, B)(I(B),C(F)) such that 4] = [¢]~1. Therefore, there exists an
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o € RHom ™' (Arg, B)(C(F),C(F)) such that d(a) = Idg(ry — ¥¢. We define pu € qrep(B)(B, B') as the

composite

U1 aﬁi hay ’ A ,
B ——— F(ll;ha,) — F'(II;ha,)) —— B,

and v € RHom" ' (Arg, B)(C(F),I(B’)) as the composite

C(F) —2 o(F) <0 oFy — 5 1(B).

We claim that (o', u,v) € Z"(P)((F, B, ), (F',B’,¢')). Indeed, we have that

O' Nz (U ¢10H ha, 1, — (¢/C(0/)a))
0

,0,—d(¢'C (")) + (—1)" (¢/(J(0—’) _ I(qﬁ’lohi hAiz/)l)qS))

0,—(=1)"¢'C(a")d(a) + (-1)" (¢'C(0") — ¢'C(0")19))

= (0,0, =(=1)"¢'C(0")(Ide(ry — ¥¢) + (=1)"¢'C(0") (Idery — ¥9))
0

where the third equality follows from

1(6h01), 10, 00)6 = ($107), 10, 0101, 9101 1, Y162)
= (@101, 0, 0161, 65 F (cann oy 4, v162)

¢1UH hoa. 1/)1¢17¢20hHH0A‘F(CanA)wl(ﬁQ)

i i

0 A@/’z%)

<¢10H ha, V101, 07,
= ¢'C(o")Y¢.

By construction, one readily sees that [(¢/,u,v)] € H"™(P)((F,B,¢),(F',B',¢')) gets sent to [0] €
H"(&E\)(F @YY, F' ®"Y) via H"(S), proving that S is quasi-full as desired.

To finish the argument, it remains to show that S is quasi-faithful. Consider (v, u,v) € Z"P((F, B, ¢),
(F',B’,¢')) such that [(v,pu,v)] € H"P((F, B, ¢), (F',B’,¢')) gets sent to 0 via

H"P((F,B,¢),(F',B',¢)) = H'"E\(F @" Y, F' @"Y).

In what follows, we denote by ¢p € RHomO(ArO,B)(C(F),F(hHHo 4.)) the natural morphism (F(cany),
Idp )) Notice that ¢r is closed and induces an isomorphism in H°(RHom(Arg, B)). First, one ob-

serves that the morphism

(Idp, ¢2,0) : (F, F(h 110 A, ),0r) = (F, B, 9)

is a homotopy equivalence by using the characterization of homotopy equivalences in P provided
in [3, Lem 4.2]. Consequently, in order to conclude that [(v,u,v)] = 0 is enough to show that
[(v, 1, v)(Id p, ¢a,0)] = 0. We have that
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(v, 1, v)Adp, ¢2,0) = (7, pp2, (—1)°vC(1dp) 4+ I(1)0) = (7, pp2,v)

in Z”P((F,F(hm{o Ai),gzﬁp),(F',B’,(b’)). Therefore, it suffices to show that there exists an («,3,9) €

77"_1((F,F(]_[f{O A, oF), (F',B',¢)) such that d(a, 3,8) = (v, u¢p2,v). First observe that [y @ Y] = 0
in H"E\(F @Y, F' @ Y) by hypothesis, and hence, [y] = 0 in H"(RHom.(D(a),B))(F, F’). Thus, there
exists an element a € RHom¢(D(a), B))"~}(F, F’) such that da = . Our candidate («, 3,6) is going to be
(o, qS’QahHHO N + (—=1)"1»,0). First we compute dva. As (v, i, ) is a n-cycle, we have that d(v, p,v) =0, in

particular, this implies that 0 = dv + (=1)"(¢'C(y) — I(u)®), that is

A

+ u¢2)> :

i

() = (10" (=001, + 00) (1"
Making use of this, we can compute now:
4B = d(@han o | + (1)) = i o, + (~1)"dvs
= ¢12’7huﬁg W T EDH D (=007h o, 102))

= p.

Consequently, we have that
d(e, B,0) = d(avqséahufo AT (=1)"12,0)
= (e, (1l ~ HGhan 0, + (1)),
where the last component is given by:
(=D)" (@' Cla) ~ L(d20m o, + (=1)"12)0p) =
= (=" <¢I10‘H,; ha, — ¢/20¢huiHo o, F(cany) = (=1)"vaF(cany),

/ / n
S, — o~ (1))

(1" (Gh011na, = Ghon o, Fleams) = (~1)"vaFlcany), ~(-1)"r2 )

(3

(=" (B ns, = dhaqs na, — (<101, ~(=1)"s2)

(=)™ (= (=), —(=1)"1) = (v1,00) = v

We hence have that d(a, §8,9) = (v, pd2,v) as desired. O
4. The well generated tensor product

Let Hge,, denote the subcategory of U — Hqe given by the U-small l-well generated dg categories with
cocontinuous quasi-functors. Up to equivalence, Hqe,,, is easily seen to be independent of the choice of U.

Definition 4.1. Let A and B be well generated dg categories. A well generated tensor product of A and B is
defined as a well generated dg category AKX B such that for every well generated dg category C, the following
universal property holds:
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RHom (AKX B,C) =2 RHom.(A, RHom. (B, C)). (28)

As a consequence, by Theorem 3.31, if we can show that the tensor product of well generated dg categories
exists, the resulting monoidal structure on Hqe,, is closed.

Remark 4.2. Note that the situation is different from the one for Grothendieck categories. As shown in
[20, Thm 5.4], the tensor product of locally presentable k-linear categories is closed under Grothendieck
categories, but the natural inner hom of cocontinuous functors between locally presentable categories is not
(as follows for instance from [28, Rem 6.5]). However, by Corollary 3.18, the distinction between locally
presentable categories and localisations of module categories does not exist on the derived level, whence
this subtlety vanishes. An in depth study of the nature of morphisms categories between abelian categories
is the topic of an ongoing joint project with Michel Van den Bergh.

The rest of the paper is devoted to proving that the well generated tensor product exists (Theorem 4.14),
and providing various constructions using localisation theory. In particular, §4.2 and §4.3 discuss the relation
between the tensor product and the dg quotient, in §4.4 the tensor product is described in terms of localising
subcategories of dg derived categories, and in §4.5 the tensor product is described in terms of their Bousfield
localisations.

We start with some considerations regarding the internal hom in two variables in §4.1.

4.1. Considerations in the two variable setting

We devote this section to prove that both (a-)cocontinuity and annihilation of classes of objects behave
suitably with respect to the monoidal structure. From now on, and for the rest of the paper, we will make
implicit use of the fact that for every homotopically cocomplete small dg category, we can pick a cofibrant
replacement in Hge which is also homotopically cocomplete (homotopically cocompleteness is preserved
under quasi-equivalences) and this cofibrant replacement is the identity on objects (see Proposition 2.1
above).

Let A, B,C be dg categories. Consider a right quasi-representable bimodule F € RHom(A ®" B,C) and
observe that the dg module F' € dgMod(C ®" A°P ®% B°P) with evaluations F(C, A, B) gives rise on one
hand to a bimodule Fy = F(—, A, —) € dgMod(C ®" B°P) for every A € A and on the other hand to a
bimodule Fg = F(—,—, B) € dgMod(C ®" A°P) for every B € B, and according to (5) these are all right
quasi-representable.

Definition 4.3. We call ' € RHom(A ®" B,C) right cocontinuous provided that every Fp is cocontinuous,
left cocontinuous provided that every Fj is cocontinuous, and bicocontinuous provided that it is left and
right cocontinuous.

We denote by RHom ((A®YB,C) € RHom(A®"B,C) the full dg subcategory of bicocontinuous modules.

Given a regular cardinal «, the notions of left-, right- and bi-a-cocontinuous are defined similarly. In par-
ticular, we denote by RHom,, o(A®"B,C) C RHom(A®" B, C) the full dg subcategory of bi-a-cocontinuous
right quasi-representable bimodules.

Definition 4.4. Consider N4 a class of objects in A and Nj a class of objects in B. With the same notations
as above, we say F' € RHom(A®" B,C) biannihilates (N 4, N) provided that every F annihilates Nz and
every Fp annihilates N 4.

We denote by RHomp, vy (A @ B,C) € RHom(A ®" B,C) the full dg subcategory of right quasi-
representable bimodules that biannihilate (N4, Ng).
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Similarly, we denote by RHomc a,),(c.ni) (A @Y B,C) € RHom(A ®" B,C) the full dg subcategory of
bicocontinuous right quasi-representable bimodules that biannihilate (N4, Ng).
We include the proof of the following statement for the convenience of the reader.

Lemma 4.5. Let o < || be a regular cardinal. The following hold:

(1) For homotopically cocomplete dg categories A, B and C, we have that the equivalence (5) restricts to:

RHom, (A ®" B,C) = RHom,(A, RHom,(B3,C)) (29)

(2) For homotopically a-cocomplete dg categories A, B and C, we have that the equivalence (5) restricts to:

RHom,, (A ®" B,C) = RHom, (A, RHom,,(5,C)) (30)

(8) For homotopically cocomplete dg categories A, B and C and sets of objects Ny in A and N in B, we
have that the equivalence (5) restricts to:

RHom ¢ a7y ), (c,N5) (A Qr B, C) 2 RHomc n, (A, RHom¢ p, (B,C)) (31)

Proof. Observe that (1) is the case @ = [4| of (2). We prove (2). First we show that for any F €
RHom,, o (A®"B,C) C RHom(A®"B,C) the image of F via (5) is an element of RHom,, (A, RHom,, (B,C)). If
we denote by F the image of F' in RHom (A, RHom(B,C)) via (5) we have that F(A) = Fy4 factors through
RHom,,(B,C) € RHom(B,C) by hypothesis. We hence have that F belongs to RHom(A, RHom, (B,C)).
Let’s now show that F actually belongs to RHom, (A, RHom,, (B,C)). Let {A;};cr be an a-small family of
objects in A. By definition, we have that

HO(A)
0/ F _ 0
HO(F) g Ai | = Fmoca € HP(RHom, (B, C)). (32)
For all « € I we have a natural morphism
H(A)
F]_IfGOI(A) A= HO(F)( IEII A;) «— H°(F)(A) = Fa,, (33)

in H°(RHom, (B,C)), and hence we have the natural morphism

H°(RHom,, (B,C))

H FAi — FHféOI(A> A; (34)
i€l

in HY(RHom,(B,C)), induced by the universal property of the coproduct. We claim that this morphism is
an isomorphism. Indeed, observe that for all B € BB, we have
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H°(RHom, (B,C))

H° 11 Fa, | (B) =

icl
HO(C) HO(C) HO(C)
= [I 2°(Fa)B) = ] HF(A:.B.-) = [] H(Fs)(4i) = (35)
i€l i€l i€l
HO(A) H°(A)
_ 5o _ 170 _ 10
=H (FB) g =H F ]’ell A7,7B =H (FHZOI(A) Ai) (B>7
2 7

functorially in B € B, where the first equality follows from Corollary 3.25 and the fourth from the fact that
Fp € RHom, (A,C). It follows that (34) is an isomorphism. Consequently, we have that

HO(A) H°(RHom,, (B,C)) H°(RHom,, (B,C))
H(F)( ] 4) = Foc 5 = 11 Fu, = 1T HO(F)(A)) (36)
iel ‘ iel iel

in H°(RHom, (B,C)), as desired.

To conclude it is enough to prove that for any F' € RHom(A ®" B,C), if its image F via (5) belongs to
RHom, (A, RHom, (,C)), then F lies in RHom, o(A ®" B,C). Take such an F. By definition, for every
A € A we have that

F(A) = F4 € RHom,(B,C),

which proves the a-cocontinuity of Fs for all A € A. Let {A;};,cr an a-small family of objects in A. For
every B € B we have that

HO(A)
H(Fg) | ] 4] =
i€l
H°(A) H(A)
_ 0 . o _ 170 _ 170 (s . _
—H|F ]_[ A, B, —H (FHfGDI(A)Ai)(B)fH HO(F) ]_[ A4 (B) =
el el
H°(RHom,, (B,C)) H(C) HY(C)
= H° 11 HO(F)(A) | (B) = ] (H°(Fa,) = [ #°(Fa)(
i€l i€l i€l

where the fourth equality uses the fact that F € RHom, (A, RHom,(B,C)) and the fifth follows from
Corollary 3.25. This proves the a-cocontinuity of Fp for all B € B. We can thus conclude that F' €
RHom,, (A ®" B,C) as we wanted to show.

We prove (3). It is enough to see that the isomorphism (29) in Hqge constructed above restricts to an iso-
morphism (31). Let F € RHomc ), (c.nvy) (A®YB, C) and denote by F its image in RHom, (A, RHomc(B, C))
via (29). Then we have that

H° (H°(F)(A)) (B) = H°(Fa)(B) =0
for all B € N and hence F' € RHom,(A, RHom, x, (B,C)). Now observe that, for all B € B, we have that

H® (H°(F)(A)) (B) = H°(Fa)(B) = H*(F(A, B, —)) = H"(Fp)(4) = 0
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for all A € N4. Consequently, we have that H°(F)(A) = 0 in H°(RHomc n,(B,C)) for all A € N4 and
hence F' € RHome x, (A, RHomc nr, (B, C)) as desired.

To conclude, it is enough to show that for all F € RHom (A ®" B,C), if the image I of F via (29)
belongs to RHome 7, (A, RHome p (B, C)), then F is an element of RHom(c zr,), (e ) (A @ B, C). For all
A € A, we have that

HO(Fa)(B) = HY (HO(F)(4)) (B) = 0

for all B € N3, showing that, for all A € A, F)4 annihilates Az. On the other hand, for all B € B, we have
that

H°(Fp)(A) = H°(F(A, B, -)) = H’ (H(F)(A4)) (B) = 0
for all A € N4, showing that, for all B € B, Fp annihilates N4 as desired. O
4.2. The tensor product of dg quotients

Consider A, B,C € Hqe,,, and suppose A X B exists. By Lemma 4.5 above and the universal property of
X, we have an isomorphism in Hqe

RHom (AKX B,C) = RHom, (A ®" B,C), (37)
for every well generated dg category C. Hence there exists, corresponding to the identity quasi-representable
module on the left hand side by taking C = A K B, a canonical bicocontinuous quasi-representable module
® € H°(RHomc (A ®" B, AK B)). We will denote the induced functor at the level of homotopy by

@po : H(A®YB) — HY(ARB),
instead of our usual notation HO(®). Let X4 C A and X5 C B be classes of objects. We define the class
XA®H0XB={XA®H0XB|XA€XA7XB€XB} (38)

of objects in H°(AX B).

Remark 4.6. Let C be a dg category. Observe that taking a class of objects in C is the same as taking a class
of objects in H°(C) as Obj(H°(C)) = Obj(C).

In first place, let’s analyse the relation of the well generated tensor product and the annihilation of classes
of objects in Hqe,q.

Proposition 4.7. Consider classes Na C HY(A) and N C H°(B) of objects. The class
N4 &01/\/’3:(./\/,4 & po B)U(.A@HONB)QHO(A&B) (39)
is such that

RHome pr, e (A X B, C) = RHom e pry ), (e Ni5) (A " B,C). (40)
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Proof. We have the isomorphism in Hqe
RHom (AKX B,C) = RHom, (A ®" B,C)

from (37) given at the H°-level by composition with the canonical bicocontinuous quasi-representable bi-
module ® between A ®" B and A X B. Then it is enough to see that this isomorphism restricts to an
isomorphism (40) in Hqe.

Consider F € RHomc zr,mc,ns (AKX B,C). Then F @Y%, ® € H'(RHomc (A ®" B,C)) is trivially seen
to biannihilate (M4-Np).

On the other hand, given any G € RHomc a7 ), (c,n5) (A ®% B,C), we have that

G=2F ®i®5 ® € HO(RHom(C’NA)’(C’NB)(A Qv B,C))

for some F' € RHom (A X B,C). Consequently, for every object B € B, we have that H(F)(N4 ®po B) =
H°(G)(N4, B) = 0in H°(C) and, similarly, for every object A € A, H*(F)(A®yoNg) = H*(G)(A,N5) =0
in H%(C). Thus we have that H%(F) annihilates N4 K1 N3, therefore F € RHome v, mon; (A K B,C) as
desired. O

Definition 4.8. We will call N4 K¢ N the tensor product of classes of objects N4 and Ng.

Remark 4.9. Let B, C be well generated dg categories and let A" be a class of objects in B. Let (N) C H°(B)
be the smallest localising subcategory containing N'. Then, given F' € RHom,(B,C), the induced H°(F) :
H°(B) — H(C) is exact and cocontinuous. As a consequence, Ker(H?(F)) is a localising subcategory of
HO(B). Tt follows that

RHome xr(B,C) = RHomc (B, C). (41)

Lemma 4.10. Let A, B be two well generated dg categories and W C H°(A) and Wi C HO(B) localising
subcategories generated by sets. Let G4 (resp. Gg) be a set of generators of H°(A) (resp. HO(B)) and N4
(resp. Ni) be a set of generators of W4 (resp. Wi ). We have that:

(WaBct Wi) = (Na®pgo Gs) U (Ga @po NB)).
Hence (W4 X1 Wi) is generated by a set of objects.
Proof. By definition we have that

(WaBcr Wp) = ((Na) @po B) U (A@po (NB)))-

As it is a localising subcategory and it trivially contains N4 ® o Gg U G4 @ o N, we have that (N4 Qo
G5 UGA ®@po Ng) € (WaBc1 Wpg).

In order to prove the other inclusion, we consider an element X € (N4) ®go B. If it belonged to
A ®po (Np), we argue analogously. We know we can choose regular cardinals o and S such that the
generators NV 4 are all a-compact in W4 and the generators Gp are all S-compact in B. Combining [25, Lem
4.4.5 & Lem B.1.3], we have that

X=2WQ®pgo B,

where W (resp. B) can be written in terms of objects in N4 (resp. in Gg) by using coproducts, cones, direct
summands and shifts. As ® go is bicocontinuous and an exact functor in each variable, we have that X can
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be written using coproducts, cones, direct summands and shifts in terms of elements of the form N ®go G
where N € N4 and G € Gg. Therefore, X is an element of (N4 ®go Gg U G4 @0 Ng). Consequently, we
also have an inclusion (W4 Ky Wg) C (N4 @po G U G4 ®go Ng) which concludes the proof. O

Theorem 4.11. Let A, B be two well generated dg categories such that AXB exists, and consider W4 C H°(A)
and Wi C H%(B) localising subcategories generated by sets. We have

A B ANX B
X ~ T 42
Wa X Wa = W By W) (42)

in Hae,,-

Proof. The subcategory (W4 Xc Wg) C H°(AXB) is a localising subcategory generated by a set of objects
as proved in Lemma 4.10. Hence, AKX B/{(W 4 Kc Wg) is a well generated dg category. If we show that it
satisfies the universal property (28), we conclude our argument. For any well generated dg category C, we
have:

AX B

RHom (-———————
o (<WA X1 Wa)

,C) = RHomc, vy 16, W) (AX B, C)

= RHomc 8w (AX B,C)
= RHom(c,WA),(c,Wg) (.A ®L B, C)
= RHOHIQWA (A, RHOIHC’)/\)B (67 C))

5o,

o~ RHomC(i, RHomc(;;
B

Wy

where the first and last isomorphisms come from the universal property of the dg quotient in Hqe,, (see
(10)), the second follows from (41) above, the third one is given by Proposition 4.7 and the fourth one by
Lemma 4.5. O

Corollary 4.12. Let A, B be two well generated dg categories. If the tensor product AX B exists, so does the
well generated tensor product between any two dg quotients of A, B with respect to localising subcategories
generated by a set of objects.

Proof. This is a direct consequence of Theorem 4.11. O
4.8. Tensor product of well generated dg categories

In this section we show that the well generated tensor product exists and we provide a construction.

We will proceed as follows. We will show that the well generated tensor product of derived dg categories
exists and it is again a derived dg category. This result will allow us, using Theorem 3.17, to approach
the construction of the tensor product for arbitrary well generated dg categories making essential use of
Corollary 4.12 above.

Proposition 4.13. Consider small dg categories a and b. In Hqe,,,, we have

wg?

D(a) X D(b) = D(a @" b). (43)
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Proof. For a well generated dg category C, we have

RHom,(D(a ®" b),C) = RHom(a @" b,C)
=~ RHom(a, RHom(b, C))
=~ RHom.(D(a), RHom.(D(b),C))

where the first and the last isomorphisms are given by (21) and the second one is by the ®" - RHom-
adjunction in Hge. O

We are finally in the position to prove the existence of the well generated tensor product.

Theorem 4.14. Let A, B be two well generated dg categories such that A = D(a)/W, and B = D(b)/Wy in
Hae for small dg categories a, b with W, C D(a) and Wy, C D(b) localising subcategories generated by a set
of objects. Then, the well generated tensor product of A and B exists and it is given by

AR B=D(a®"b)/ (W, Bap Wh). (44)
In particular, AX B is independent of the chosen realisations of A and B.

Proof. We have A = D(a)/W, and B = D(b)/W, with W, and W localising subcategories generated by
a set of objects. By Proposition 4.13 we know that D(a) X D(b) exists and equals D(a ® b). Then, by
Theorem 4.11, we have that AK B = D(a)/W,XD(b)/W; exists and it is given by D(a®%b)/ (W, Kci W),
and it is obviously independent of the realizations chosen, as it fulfils the universal property. O

Corollary 4.15. The homotopy category Hae,, of well generated dg categories with cocontinuous quasi-
functors is symmetric monoidal closed.

Proof. This follows from Theorem 4.14 and Theorem 3.31. O
4.4. Tensor product of localising subcategories

In this section we provide an alternative description of the tensor product from §4.3, in the spirit of [20,
§2.5], which does not appeal to choices of generators of localising subcategories. In the next section, this
construction will lead, via the equivalent approaches to localisation theory described in §3.2, to a description
of the tensor product in terms of Bousfield localisations (in the spirit of [20, §2.6]), which will be used in
§5.

Let a, b be two small dg categories and consider the derived dg categories D(a) and D(b). Let W, C D(a)
and W, C D(b) be localising subcategories generated by sets of objects. Inspired upon the construction of
X above, we can define a tensor product of localising subcategories generated by a set as follows.

Definition 4.16. With the notations above, we put
Wa BWp = (Wa Ke Wb>~ (45)
We define one-sided localising subcategories of D(a @ b) as follows:

Wi = {F € D(a @" b)|F(—,B) € W, for all B € b}

(46)
Wy = {F € D(a ®" b)|F(A,—) € W, for all A € a}
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Theorem 4.17. The tensor product of localising subcategories generated by a set W, KW, is given by
WiV Wy = (W) UWs)
in the poset Wyg of localising subcategories of D(a ®" b) generated by a set of objects.

In order to prove this result, we first provide an explicit description of the quasi-representable bimodule
® between D(a) @ D(b) and D(a) X D(b) = D(a @ b) (see §4).

Lemma 4.18. Let a and b be small dg categories and consider the canonical bimodule ® € RHom, c(D(a) ®"
D(b),D(a ®" b)). Then, given F € D(a),G € D(b), we have that:

(F @m0 G)(A, B) = F(A) ®“ G(B) (47)
in D(k) for all and A € a, B € b.

Proof. Recall that given ¢ a small dg category, representables {¢(—, C)}ce. form a set of compact generators
of D(c). Consequently, we have that F' (resp. G) can be written in terms of representables in D(a) (resp.
in D(b)) by using coproducts, cones and shifts. Because ® go is bicocontinuous and exact in each variable,
and thus commutes with coproducts, cones and shifts in both variables, F' ® go G can be also written in
D(a ®" b) in terms of elements of the form a(—, A) ® o b(—, B) using direct sums, cones and shifts.

Now recall that ® is just the image of the identity in H°(RHom(D(a ®" b), D(a ®" b))) via the chain of
isomorphisms

RHom,(D(a ®" b), D(a ®" b))) = RHom(a ®" b, D(a @" b))
>~ (RHom(a, RHom(b, D(a ®" b)))
>~ RHom,(D(a), RHom(D(b), D(a @" b))
=~ RHom, .(D(a) @" D(b), D(a ®" b))
defined above (see (21), (4) and (29)). On the other hand, observe that the identity in RHom.(D(a ®"

b),D(a ®" b)) gets mapped under the first quasi-equivalence (21) to the Yoneda embedding a @%b —
D(a ®" b). Therefore, when restricted to the representables, one just has that

a(—, A) ®po b(—, B) = (a®@" b)(—, (4, B)).
Now observe that

((a®"b)(, (4, B))) (A", B') = (Q(a) @ b)((A', B'), (A, B))
=Q(a)(4",A) ® b(B', B) (48)
=a(A',A)@"b(B', B),

where @ denotes the cofibrant replacement functor in dgcat, which can be chosen such that Q(a) — a is
the identity on objects (Proposition 2.1). In addition, also by Proposition 2.1, we have that the induced
Q(a)(A’,A) — a(A’, A) is a cofibrant replacement for a(A’, A) in C(k).

Recall that coproducts, cones and shifts are point-wise in D(a®% b), and hence the evaluation of F ® g0 G
at any point (A’, B') can be written in terms of elements of the form a(A’, A) ®" b(B’, B) using coproducts,
cones and shifts. But as ® is bicocontinuous in D(k) and applying again that coproducts, cones and shifts
are point-wise in D(a) and D(b), we obtain that
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(F @50 G)(A',B") = F(A) " G(B')
for all (A’, B’) € a®" b and we conclude. 0O
We proceed now to prove Theorem 4.17:

Proof. Let N4 and Np be sets of generators of W, and W, respectively. Consider the set of compact
objects Gp(a) = {a(—, A)}aca as a set of generators of D(a) and respectively the set of compact objects
Gp(s) = {b(—, B)} Beo as a set of generators of D(b). By Lemma 3.20 we know that W, and W, are localising
subcategories in D(a ®" b) generated by a set of objects. More concretely, it follows from Lemma 3.19 and
Lemma 3.20 combined with Lemma 4.18 that

Wi = (NA @po Gp(e));

(49)
Wa = (Gp(a) @m0 NB).

Hence, we can conclude that

Wa BWy = Wo Bt We) = ((Na @m0 Gp(e)) U (Gp(a) @m0 Ni)) = Wi UWa) = Wi V Wy,
where the second equality is a direct consequence of Lemma 4.10. 0O
4.5. Tensor product of dg Bousfield localisations

Let a, b be two small dg categories and consider the derived dg categories D(a) and D(b). Consider
respective Bousfield localisations with kernels generated by a set of objects given by the dg subcategories
Ly, C D(a) and £, C D(b) with respective quasi-left adjoints F, and Fy. Denote by W, = Ker(H%(F,)) and
Wy = Ker(H(Fy)) the corresponding localising subcategories generated by a set.

Consider the following full dg subcategories of D(a @ b):

o L;={FecD(ax"b)
o Ly={FecD(@"b)

(—,B) € L, for all B € b} C D(a®"b);

| F
| F(A,—) € Ly for all Aca} CD(a®"b).

The natural functors

o F1:D(a®@™b) — HO(Ly) : X +— (F1(X) : (A, B) — H°(Fo)(X(—, B))(A4));
o [5:D(@®"b) — HO(Ls) : X — (Fa(X) : (A, B) — H°(Fy)(X(A,—-))(B));

can be easily seen to be the left adjoints for the inclusions H(i1) : H°(£1) — D(a ®" b) and H°(is) :
H°(L3) — D(a ®" b) respectively. We have thus that £; and £, are Bousfield localisations of D(a ®" b).
Additionally, following the notations from (46) above, one can observe that

Ker(Fy) ={F € D(a@"b) | F(—,B) € W, for all B € b} =W,
and analogously
Ker(Fy) = {F € D(a®" b) | F(A,—) € W, for all A € a} =W,

As W, and W, are by hypothesis generated by a set, we have, as a consequence of Lemma 3.20 above, that
W, = Ker(Fy) and W, = Ker(F») are also generated by a set of objects. Hence i; and s are Bousfield
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localisations of D(a ®" b) with kernel of the left adjoint at the 0*'-cohomology level generated by a set of
objects and we have the following:

Proposition 4.19. The localising subcategory W, (resp. Wa ) and the well generated Bousfield localisation L4
(resp. La) correspond under the isomorphism between Wyg and ng.

Theorem 4.20. The tensor product L, X Ly is given by

LiNLy=L1NLy

in the poset Lyg of dg Bousfield localisations of D(a®%b) with kernel of the left adjoint at the 0%-cohomology
level generated by a set of objects.

Proof. We have that:

LiNLy =Ly ALy
= (W, VW)t
= (W UW,)t
= (Wa BW,) "
>~ D(a®@" b) /W, XW,
= D(a)/Wo K D(b)/ W
=LKLy

where the first equality follows from Lemma 4.21 below, and the fourth is given by Theorem 4.17. 0O

Lemma 4.21. Let C be a well generated dg category. Given L and L' two dg Bousfield localisations of C, we
have that

LANL =LnL (50)

in the poset Lyg of dg Bousfield localisations of C with kernel of the left adjoint at the 0t"-cohomology level
generated by a set of objects.

Proof. Observe we have that:

LANL =W VWe )t
= (W UWe)*
= Wi NWE
=Ln/t

where the first and last equalities are given by the isomorphism of posets described in §3.2.3, the second

by the description of the poset of localising subcategories generated by a set and the third by Proposi-
tion 3.6. O
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5. Tensor product in terms of a-cocontinuous derived categories

In this section we provide the description of the tensor product of well generated dg categories when
we realise them as a-cocontinuous dg categories. We make use of the description of the tensor product of
Bousfield localisations of dg derived categories provided in §4.5.

Proposition 5.1. Let a, b be two homotopically a-cocomplete small dg categories and consider their respective
a-cocontinuous dg derived categories Do (a), Do (b). Then we have that

D.(a) XD, (b) = D, .o(a @™ b),

where Dy, o (a @Y b) denotes the full dg subcategory of D(a) X D(b) = D(a ®" b) formed by the bimodules F
such that F(A,—) € Dy(b) for all A € a and F(—,B) € D,(a) for all B € b.

Proof. This follows from Theorem 4.20. O

Consider a,b two homotopically a-cocomplete small dg categories. We know that D, (a) X D, (b) =
Da@(a@L b) is a well generated dg category, and hence, there exists a regular cardinal 5 and a homotopically
B-cocomplete small dg category ¢ such that D, o(a @ b) = Dg(c). It is reasonable to ask the following
questions:

e Can we find such a ¢ with 5 = a7 Or in other words, is the tensor product of a-compactly generated
dg categories again a-compactly generated?
e Can ¢ be found in terms of the provided a and b7

The answer to both questions is affirmative (see Proposition 5.6 and Corollary 5.7 below). Showing this will
be the main goal of this chapter.

5.1. Tensor product of homotopically a-cocomplete dg categories

Fixed a $l-small regular cardinal «, we can define a homotopically a-cocomplete tensor product in the
full subcategory Hqe, of Hge given by the homotopically a-cocomplete LU-small dg categories.

Definition 5.2. Let a and b be homotopically a-cocomplete dg categories. A homotopically a-cocomplete
tensor product of a and b is defined as a homotopically a-cocomplete small dg category a ®% b such that
the following universal property holds in Hqe,:

RHom, (a ®% b, ¢) = RHom,, (a, RHom, (b, ¢)). (51)

Remark 5.3. Observe that for @ = Ny, as the homotopy category of a dg category is in particular Ab-enriched,
we have that for a,b € Hqey,:

o RHomy,(a,b) = RHom(a, b);
+ and hence a @5 b =a®"b.

Remark 5.4. The following theorem, together with Proposition 5.6, constructs a homotopically a-cocomplete
dg category 0 such that D,(d) = D, (a ®" b) in Hge, and shows that  is actually the homotopically a-
cocomplete tensor product of a and b. The argument, despite the technicalities intrinsic to this setup,
is essentially of topos theoretic nature. Let us describe here the outline of the proof roughly, ignoring
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the fact that we are working with cofibrant objects, and not just categories of dg modules, and that we
are working with quasi-functors, instead of with dg functors. We first construct a candidate 0 for the
homotopically a-cocomplete tensor product of a and b together with a dg functor F : a ®@* b — ? which is
a-cocontinuous in each variable. Intuitively, one can think of these small dg categories as “dg Grothendieck
sites”. Then, the fact that F' is a-cocontinuous in each variable allows to observe that the restriction of
scalars F* : D(d) — D(a ®" b) restricts to a map Fs : D, (0) — Dg.o(a ®" b) between the “categories of
sheaves”. This is, in topos theoretical language, saying that F' is a “continuous morphism of sites”. Then,
using a parallel argument to that of classical topos theory, one has that F, has a left adjoint, that we will
denote in the proof by Ind% such that

a@lh —

0
lyu @l lYa

D(a®"b) —"— D(d)

J{‘%@Lb

Ind%

Do.o(a® b) —5 Da(d),

is a commutative diagram. In particular, one has that Ind, F' = ap 0 F} 0iggry, Where iqgry : Do o(a®lb) C
D(a ®" b) denotes the dg embedding. Then, by means of the concrete construction of 9, one can conclude,
and we will do so combining Theorem 5.5 and Proposition 5.6, that Ind, F' is an isomorphism in Hqe.

Theorem 5.5. Let « be a regular cardinal and a,b homotopically a-cocomplete L-small dg categories. Then,
there exists a homotopically a-cocomplete -small dg category 0 such that

RHom, (a, RHom, (b,C)) = RHom,, (9,C) (52)
for all U-well generated B-small dg category C. Moreover, we have that 0 = a ®% b.

Proof. The construction of 9 will be obtained by mimicking the construction of the tensor product of
a-cocomplete k-linear categories following [16, §6.5], or [15, §10] and [19, §2.4] for the concrete case of
a = Ng.

Consider the Yoneda embedding Yygrp : a @%b — D(a®" b) and the quasi-adjunction aggry g0 iggre
where iggrp : Dao(a @ b) C D(a ®" b) is the natural inclusion. Recall that aggr, € RHom(D(a @
b),Du.0(a @ 0)).

Consider the bimodule au®Lb®B(U®Lb)Yu®Lb € RHom(a®"b, D, (a®"b)). We prove that au®Lb®15(
Y,oup is bi-a-cocontinuous. Observe that is the case if and only if

a®lb)

Da,a (0 ®" b)(H"(aggre) © H (Yagre) (= ), X) : (a®" ) — D(k)

sends a-small coproducts in both variables to a-small products for all X € D, o(a ®" b), where we put
Da.o(a®"b) = H(D, (a ®" b)). We have that

Da,a (0 ®" b)(H®(aagre) © H (Yagre) (=, =), X) = D(a @" b)(H° (Yagro) (=, ), X) =
= H(X)(-,-),

which, because X € D, o(a ®" b), sends a-small coproducts in both variables to a-small products. Conse-
quently, aqery ®B(G®Lb) Yerp is bi-a-cocontinuous.
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Denote by G the set of representables in D(a ®" b) and consider 7 C H%(Dy,o(a @Y b)) = Dy o(a @Y b)
the closure of H%(azgrp)(G) under a-small coproducts. Denote by @ C qrep(Dg, o (a ®" b)) the enhancement
of T via the natural enhancement qrep(D, o(a ®" b)) of Dy o(a ®" b). In particular, observe that ? is an
essentially small dg category which is homotopically a-cocomplete.

Consider the functor

F:a@"b—0

induced by the bimodule a,gLy ®I|5(a®Lb) Y,sLp, which remains bi-a-cocontinuous.

Consider C a well generated dg category. We are going to show that

¢:[0,Cla — [a®@"0,Clae: [ folF] (53)
is a bijection.
Observe that we have
[Daa(a@" b),Clc = [Dy(a), RHome(Dy (b),C)]e
= [Do(a), RHomq (b, C)]c (54)
= [a, RHom, (b,C)],
>~ [a®"b,Cla.

where the first bijection follows from the definition of the tensor product of well generated dg categories
together with Proposition 5.1, the second from Proposition 3.28, the third from Theorem 3.31 together
with Proposition 3.28 and the last one from the ®“ — RHom adjunction. Observe that an element g €
[Da,o(a®"b),Clc gets sent to go [Yy @po Y{]iso € [a @ b,C]a,a- If we denote by a, (resp. ap) the quasi-left
adjoint of the inclusion i4 : Dy(a) C D(a) (resp. Do (b) C D(b)), it is easy to see, using the construction of
the tensor product in terms of quotients as exposed in Theorem 4.11, that go [Y] ® go Y{]iso = go [(aa ®15(a)
Ya) ®po (ap ®I5(b) Yo)]iso = g°[@agrpliso © [Yagrp]- We denote by togrpc : [a®"b,Claa — [Da,a(a®™b),Cle
the inverse of this bijection.
We have a map

[P .
0" 6, Claa "3 [Daa(a @ 6).Cle — 0.0l < f > tagroc(f) oJ, (55)

where j = [Yp_ (agte) " © [i] € [0,Da,a(a ®" b)), with i : 0 C qrep(Da,o(a ®" b)) and Yp_ _(agre) :
D..o(a®Yb) — qrep(D, o (a ®" b)) the natural quasi-equivalence provided by the Yoneda embedding. We
are going to show that this is an inverse map of (53).

We have that tegry(f) 0 j o [F] = tegre(f) © [@agroliso © [Yagre] = f for any element f € [a ®" b,Cla.0
Hence (55) is a right inverse of (53).

Now we want to show that t,gry (g o [F]) o j = g. This equality is more involved and in order to prove
it we will use the topos theoretical argument mentioned in Remark 5.4 above, which can also be seen as
an a-version of the usual extensions of dg functors. Denote by Ind% = t.grp p,, (0)([@0]iso © [Yo] o [F]) €
[Do.o(a @ b),D4(0)]c. We hence have that

Ind% © [@agreliso © [Yagre] = [aaliso 0 [Yo] o [F]. (56)
Observe that Ind% o [aagrpliso = [@0]iso © [F1] and hence Indz = [as]iso © [F1] © [tagrs]. We claim that

Ind% o j = [as]iso © [Y2)- (57)
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Observe this will be enough to conclude. Indeed, as Ind% is cocontinuous, we have a diagram

[D, C]oc —;> [Doz(a)a C]c

(—)oml lmolnd;f (58)

[a®Yb,Cla.a —— [Da.ala®@®b),Cl,

tcl@Lh,C

which is commutative as a direct consequence of (56), where s denotes the inverse of the bijection
[Dn(0),Clc = [0,Cla : f + [ oasliso © [Ya] from Proposition 3.28. Then, we have that

tagrec(go[Fl)oj = s(f)olndpoj = s(f)oadliso o [Yo] = f,

where the second equality comes from (57). Consequently, (55) is also a left inverse of (53), which concludes
the argument.

It hence only remains to prove that (57) holds. Consider the dg functor F' : a®“b — 0 and the associated
restriction F* : dgMod(d) — dgMod(a ®" b) and extension F : D(a ®" b) — D(d). Denote by 0’ the full
dg subcategory of Dy o (a ®% b) quasi-equivalent to 0 via the quasi-equivalence Yu®Lb:

Y
Do.o(a @l b) % qrep(Dy o (a @ b))

1] |

o’ 0

2R

Observe that, for all D € ?’,

F*oY,0G(D) = F*(ha(p)) =

=0d(F(-),G(D)) =
rep(Da.o(a @Y b))(i0 F(—),i0G(D)) =
rep(Daa (0 @ 0))(Pa ., © Yagrs(—),i0 G(D)).

q
q
‘We hence have that

iagre © [(D) = D(a ®" b)(Yagre(—), iagre o [(D)) —
— qrep(Dg o (a @ 0))(®a,_;, © Yagre(—),®

®Lb Aagle

= qrep(Da,o(a @ 0))(Ra,,, © Yagro(—),i0 G(D)).

S (I

Consequently, we have a natural transformation i,gr, 0 I — F* 0 Y3 o G. By adjunction, we have a natural
transformation Fj oi,gup 0 I — Y3 o G and by composition a natural transformation

a: P, 0Foiggrpol — P4, 0Y50G. (59)

Now, observe that every object D € H?(?’) is isomorphic to [[,., H*(G)"*H®(F)(A;, B;) where the co-
product is a-small. Then we have that
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HO(a5) o HO(F, 0 g 0 1)(D) =

= H(ap) o H°(F 0 iqgry) (H H(aqgry) © H (Yagry)(Ai, Bi )) =

icl

= H’(ap) o H(Fy 0iggrp) © H'(aqgrs) <HH Yagre) AmBz‘)) =
iel

= H%ay) o H(F) <HH Yagre) Ai,Bi)>:

iel (60)

— [T H%(ao) 0 HO(FY) 0 HO(Yygn) (Ai, By) =

i€l
=[] H%(a0) 0 HO(Yy 0 F)(A;, B;) =
i€l
= HO(Y, (HHO )(Aq, B )>
i€l

= H’(as) o H*(Y, 0 G)(D),
where the only non-trivial equality is the third one. It follows from the fact that
H(ag) o HY(Fy 0 iggr) 0 H(aqgry) = H(ao) o HO(F),
which can be deduced by using the adjunctions H%(ay) 4 H(ia), H(aqgrp) < HO(iqgry) and HO(F)) H

HY(F*) together with the fact that the image of H?(F*)(D,(0)) lies in Dy o(a ®* b) C D(a @ b). From
(60), one can conclude that the natural transformation « from (59) is a termwise homotopy equivalence and

consequently, we have that [as]iso © [F1] © [iagrp) © [I] = [2]iso © [Y2] © [G]. Thus, we have that
Ind% 0J = |Gpliso © F'] © [ia®Lb} © D}D(,,a(a@ﬂdb)]_l © [7’] =
— [aslio 0 [F1] © [iaera] o [1] 0 [G] =

as we wanted to show.

We hence have that ¢ : [0,C]o, — [a ®" b,Cla.a : f — f o [F] is a bijection. Given another small
dg category ¢, we denote by [0 @ ¢,C]), the subset of [0 ®" ¢,C] of a-cocontinuous morphisms in the first
variable, and by [(a ®" b) ®" ¢,C],, , the subset of [(a @™ b) @" ¢,C] of a-cocontinuous morphisms in both
the first and second variables. We have the following diagram

[e, RHom,, (0, C)] [e, RHom,, (a, RHom,, (b, C))]
ot ecl, @et o) ool (61
$

[0, RHom(e, C)], ——— [a @ b, RHom(e,C)]
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Observe that RHom(e, C) is well generated as a direct consequence of Theorem 3.22, and hence the horizontal
arrow is a bijection by (53). Thus, as a direct consequence of Yoneda lemma, we have that RHom,, (9,C) =
RHom,, (a, RHom,(b,C)) in Hge as we wanted to show.

Now, given any homotopically a-cocomplete small dg category ¢, we want to show that ¢’ : [9,¢], —
[a®Yb,claq : f—> folF]is a bijection. From the argument above, we have that ¢ : [0,D4(c)]a —
[a®@Yb,Da(c)]a,a : f — fo[F]is a bijection. Observe that the corestriction Y{ : ¢ — Dy, (c) of the Yoneda
embedding induces injections

[0, ¢la € [0,Da(c)]a
and
[a @b, a,a C[a Q% b, Do (¢)]a,a-

It is then easy to check that ¢’ can be obtained as the restriction of ¢ to [, |4, and hence we have that ¢’ is
injective. As the elements H(F)(a®"b) generate H°(?) under a-small coproducts and Y{ is a-cocontinuous,
we can conclude that it is also surjective. Then, a similar argument as above using the universal property
of the internal hom and Yoneda lemma allows us to prove that RHom, (a, RHom,,(b,¢)) = RHom,(d, ),
showing that 0 = a ®% b as desired. O

5.2. Tensor product of a-cocontinuous derived dg categories

Proposition 5.6. Let a, b be two homotopically a-cocomplete small dg categories. Then, we have that
D.(a) XD, (b) = D,(a ®L b) (62)
in Hae,,-
Proof. We have that:
RHom.(D,(a), RHom.(D,(b),C)) =2 RHom,, (a, RHom, (b, C))

=~ RHom, (a ®% b,C)
=~ RHom, (D, (a ®% b),C)

for every well generated dg category C, where the first isomorphism comes from Proposition 3.28 together
with Theorem 3.31, the second isomorphism follows from Theorem 5.5 and the last isomorphism from
Proposition 3.28. This concludes the argument. 0O

Corollary 5.7. The tensor product of two a-compactly generated dg categories is again a-compactly generated.

Proof. The theorem follows from the enhanced Gabriel-Popescu theorem (Theorem 3.17) and Proposi-
tion 5.6 above. O
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