
staterment of the AxiomofCroice
:

Theorem 2 . 7 ( n ) If ≡ H : 3→ A afh= I 1B , ther f is onto
,

满射

Note = The conrerse ofIb ), thaet
f ; 你sB
implies
雪onto

) h = B AfH = IB CAr also De pmoved if the axioon of

ChDice is ass ⽐med .

选择
”“

(我的理解是⼀种系充对随意选⼀个” 有的说德⻔
“

Choose ⽐bEAD
"

这可话要成⽴,就需要⼀个选择公理即说明选择函数的存林性

Axiom ?

AxiormofChoice :Everyfasrilyof non -eorptyhas acroicefunotior .

Given set ) 舞袋
, tbere xistsA f HSaSt , f (x) EStforcU α t * ,

δ

By using the axio thr of choice , we let o se aachoicefunctior for the farnils of sets

系 Ab bEB} ,

We define g ( b) = DCAb )
。

选择公理的第⼀个等价形式是良度定理 。

我仍对良福定理直观的表述为



但这不是有效的证明⼀⽅⾯
,

我们在做⽆限基⑳数量的选择,这种选择选择合理也不舍给出我们这

样的汗可 .但在 1904 年

,Zelmemlo⽤选择公理给感严格的证明 ,

把模糊的转化为严格的两种能对限过程的想法证明的⽅法是⼀个⾮常重要的数学发展 ,

⼀种是基于重序定理的超归纳法 ,我们将在第 8 ⾮第 5带讨论

⼀种是20 rn 引理

↓ 接下来证明选择公理的四种等价形式 ,

The odefiniti ω ns :

oPantial order opowersetepper bowerd ogreatest demert
o the ceast epperpourdlinthe orain )

olinearotraximateleinrt - well -orderedliutheset}

Bef.

4
.

1 .

□ raiyhetxbea Basutialyoroheredset. A

subsets iscalleda ofx iftheinalucedpartial onderiong od s is lisnear
,

Def .

4.

2
.

iraaithratfraigchaionofapentiallyorderedsetx isa ofx if it isrotapropersubset ofarothercdlceir

ofx



Proof of harmara⻓ . 2 :

⽐ e strablstroo thot0 trasca fixed poitherolhrf , wherea isgivenarod lwisalefinedabove .

Let of be the collectiobnofsubgets sof Egatisfying :

LBGEg

( a > f( s ) ES

( 33 If So ≤ s and lt 的 go exists in X
,
tren lrb S 0 Es .

It is easily proved that WE N . Wext
, ove Let B = MoA

.

It is easily phoved thcot B is Etre stmcablest

elerrertofA I i . e .BEA , anod if SEA , then BES ] .

The airnwill be toprovettrcE 3isarainwouldhavsonif this is hone
,

ther 海

a least upperboerrd, say,ao .BtEthenGOEB bycordition( s )iontheodefimitiom of A . By condition (23
,

fCaoJEB ; hence, f ( ao ! ≤ Go becabese lo is arnoeppes boend for 13 .

Bott Pt is giverr thoat flGo) ≥ a 0 ; hedrce
,

fla 0 ) = a0 .

aaBaa

flb)≤b≤fic)To prove that B is a chair
,
we comsiolenthefolow ing bets

;

lubEb

( 13 oEG, ( 2] f[c) ≤ b≤f( b]

Let G = { CEBI baC ⇒ f( B) ≤ C, EBE 可 fccs ε a ∴
- f[ b) ε BCc]

ao ≥ fla ]
( 号 ) ( ab 序 [ C) = C0

∴ Q 0 EBL] ⽒ ∞ EB [Ʃ ]

FoP CaCCEG ,LEtBCO)=
{ bEBl b ≤ C onfI)≤ b } . Itisaor eXeMCise EKUt BCE] EA ' 的 ence

,
gince

} is thesrablest eLGme☆ E of 过
C ≤B
→

B ( c) ≤ B
,
vecorralede thrat BCo] = B . Usirg thi's ,itisanexercisetoshowthat CE

A
, reMoe ,thatC= B

( 9 ) Q 0 GG
, ObGiodsly flcgabla了

(2) b < C ≤ f [ o} ⇒ f( b ) ≤ C ≤ f[ c) ∴ .f [C ) EC

( 3 ) f( a 03 = d 0 EC .

lwbacab( } ]

This shows that fom b
,
0
,
either b≤ G On C≤ b ; hehe,

B
is a chain ,



Proof of Theorem 4. 1 i
[ }

The axiom ofcroice:Givensuts
H

☆ ,
there xists

A't ASa S , t ,fHx ) ESafonUNEA ,

↓可推出

雪 P0 lx ] ,fx π
, θ s εPo ( x

) , fis 3 εstsetx)

乐 AIA ≤ x ,
AF ④ 可

EI }' ⇒(4 ] Assume X has no maximal elemeut
,

著⾮空则a 为排 xiaealaleredrt

Fe .
θ aε x

, a
== { xε x 1 g # dxxa

由 AxiomofChoice, 雪
{ Fal aEx }, 0

x
s . t. OLFa] ε Fa≤ x .

Define a map
X tx

, flas =θ ( xa ) ε☆ 也可以理解为
{ Fa | a ε x}

θ
Fa λ

n →
>

说明 flaz ≥ a , a x g

了不会再 fla ) = a ! 这与 Lembra 4 . 2相⽭盾

→ 15) Let B be treorection of webs - onderedsubbsetsofX . Thus, B =
{ ( A , ≤ ) IA EX , enol ≤

well - ordens A}

we pcanticallyonhemB by☆where (
A

,
Ʃ 1 ] ☆ ( Az , ≤ }

[ ") A 1
≤ A 只

L 2] Tthewell -omodeming ≤ 1coircideshith thse webl-ordening on A , inobuced by Ʃ2 .

≤⼯作⽤团 A 1 上的结果与 ≤ 1 作⽤层的结果相同

ciiiy rerymesmben of B2 IA , is arruppenbounodofA 1 ,

Obvioubly , 出

i 你的 p obsrticcol onalering of 3 .

Craiton Every obrain of IB , I )troes a lubs
,

het odbe achain of B ,
Let Ao = UA

.

Ho is well - orderedblYf
0 wherefomabl a, BE 5 o we set

不应演是 ⇌
…

a≤ ob if 雪 CA 1
,
E 17 E A

,
a, b EA , and a≤ 1 b .

⻆标操成瘦HZ? Itrow readlilyfothooo sthrat



( Ao
,

≤
0 ] is a least epBem bocetad fon A .

BY (4]
, te fiond thoet Bhas aMaxiomalLeROYE CH

,
≤ ]

.

haiM= xandƩwellondensX .

这⼀段洋
Fon if IH 中 E , We COL CKOOSO XE XIM ard exterd Ʃ to IMU 室x }with M ≤ xfonOllMEt .

Then
细地馆

”

承

空
”

⼀个描述 ,

LHO { Y, ≤
J ε③ aard( IH,

≤

3 条 ( MU{ x } , ≤ ] , comtramlytothle sorexisrhbi' tyofIM .

]
[ 可能 ?

Rerark部分别
甚⾄此处是的 , 因等 。

[ 5 ]⇒ ( 1 ) Let f be a fatvily ofron - emptfsets, and letX =UA . Eroor C5 ] , we lamoothoet4 is

Bechese X ps owebt- ordered and f is oasubsetofx , Aiswell - ordered
as chell

.

owell - ordeming. ,
5 o for each HEA, olefineDCA )castheleastedementoof A .

Thehr O is a oroice fheration f

继

( 2)⇒ ( 3 ) 雪 rMax .ohainof M ,M be the upper bound of M im x .

MOqxjo

Then m is a maximd lement inX ; otherwise, ≡ xEX,
xom

, then MUEx} is a hain and
2 Md

与 morxirrreel crein
√

相反 ,

(4 ]⇒ (2 ] Pocrticellgondatedset⇒ E = { GI Cisa chaiorof X w
.
rit

. }
↑ 对些作 paptically ondemi}

: ε

BIf is a chaim oof e Iohaisrrain '

, 3 WBisthe lub of
B

.-4

)we lEnowo thal

① ExEB, x 丝 UB ,

∴ UB is aorupper bocard .

⽐豫oDbioons ? UBp☆ thhe least ohppep bo wnd .

c

UB is the性 ☆i吼此⽐世即七
,

[ce . the torexidorool roinofX .

Ewe和cises

Exercige 5 : ( 5 )⇒ Esurjx
I Y IY g

X st. fog= ids,

Ghoose a hell - ordering
≤ on 6

.

Fon YE { , lefine gly ) : = the least elemetof, fog < y ) = yf+cy)


