Statement, 9f e Axiom »f Choice

wA
Theorem 2.7 (o) If 3 h:8——R3fh=Tb, then f is )?nt?;.

(onto)

Note: The converse of by, that f:A—=& implies 3h:8——=A>fh=Ip can also be proved if he axiom of

choite is assumed.
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ﬁxiom L

Axion of Choice~ Every family of non-empty has a choice funcuion.
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Bj us/‘nj the axiom @L choice, we let 6 be a choice functian ]‘or\ the ]‘wm‘ty o]‘ sets

fAblbij. We define §b)=6LAs).

i

DRENFEIN, RACHERM=ENESUTRER
X (BIEXBURTFIESE) . A, SERN—TERS
, BREAEFELAEBIRSHFE, RIETNMERIEE
SAT S HFE., BEit, WRBNVRIZR T EEF
NRIIBRIRE—H (IR SHFE) , BAm
RIS RBOEIR/AIE, 1963 &, Paul Cohen i
NI MEMRIZ IS EIIERR.

WA TR - T EM T ARR DA IR

P E T 72 Bakiy batw



121?3‘%?&é\mwﬁ.-%@,ﬁmﬁmiimkﬁééi@{f,Eﬁ?iu%&i%%%tﬁfmmm
Baoita). 2R qo+F, Zetmerlo RILIEHIZHY.S T 7% RYILR
W HRLICT MBI B R wRay R4 v o T 7 a9 ikaR B9 %75 2 - T ZavkT ki
~FPREIRTHR BRI, IS T FoBF cFat
“Akzom 478
| BT % ikon 353352 89 R FAAsN
The definitions *
*Partiok order o Power sec  ° wpper bound o qrestest etement (in the chain) o the least upper bourd
* meximal element (jn the set) olinear - well- ordered

De]‘. 4.
° Let X be a partially ordeced sev.A subset S is called a Chain  of X if vhe induced portial ordering on S is linear

Det. 42
R chein of a partially ordered set X 5 4 maximad chain of X if it s not a proper subset of another chain

o-X.



PM@‘ of Lemma %2°

we shall chow that U has a fn(ea point waderf ,where a is given and U_is_clefined above.

Lev & be the colection of subsets & of U satisfying:
tae s
@ fioes
DIf SSES and b So exists in X, vhen lub So€ 5.
It is easily proved that VSR . Next, we let B=NA. Tt is easily proved that & is vhe smallest
dement, af 4 (ie BeHA, ana 7‘ Sed . then B<35).
The am wil be tw prove thet B is a chain. For tf thic s done, then B would have
a least wper bound, say, o But then Qo€B by codition (3) in the definition of H. By condition (>

ftan€B  hence, fa0) <Qo because Qo is an upper bourd for 6. But iv is given that flOe) > Qo) hence,

flan=a.
a<b<c
_ . . A | o) <h<=Hib
To prove that B is a chain. we consider the fvuvwmj sets 74” beluf
w el ) ftor=b=fib)
Let c=5cepl b<c§f¢b)sc,Vbij flo=c ~flbeBiLe)
a2 fie) > lubBLo)=a,

areble) aveBlo).

For each ceC. lev Buy=1b€B] b=c on fio=b]. It is an exercise that Bicy)<€A s hence, since

BLOSB, we conclude that Blo)=8. Using this, it is an exercise to show that C <#. hence, that C=B.
1) 4oEC, opvivusly. ) b <flo)
w b<c=fio > funse=flo) - flO)SC.
9 b<c <lub

® flao)=do€C

This shows that for b c, either b=c or c<b; hence. & is a chain.



Propf ﬁ’ Theorem 4.):
The axiom 9f chwice : Griven sets %((o(eﬁ),m,, owmists A—L)dyhsa (7 ﬁA)QSo( for all acp.

& set
Vs X 3 PplX)L’X,VseP,tx),fIS)e S.
n
4A1AS X, AH¢]

Assume X hoaw no maximal chement
re. YaeX, Fa={xexixnai=>¢
\B Axiom of Ohoice, a{ﬁ(aexje—,x st BLF)EFREX.

9
Define a map X—L—X, fi)=81Xa)€ Xa eawBagy il 0] X

WAk fia)7a. E X
KA Rfw=a! ZY Lewma 4.2 187G

let © be ‘the colection af well —ordered  subsets of X . Thus. ®={IA/<)IAEX,MS
weld— ordiers A J.

we paﬂm‘udy order @ bj R whee (A, =)L (A2,=2)
) A=z

(2) The weu-omtm‘nj =| coincides with the ww-mtem:j on A induced by =2,

L) very memben 91 A2/ R is an upper  bound of A
waamsly, 2% a particat ordering of e.

Claim . Ever; chain sf (B.2) hot a lub.

det A be a chain ff B, let Ao=UVA. Ao is well-ordered by =0 where for all abe Ay we set
ATV e
a<ob t‘-ﬁe Athu=)EH, abep and a=\b It now rmug fvttms that



(A0.<0) 15 a least upper bound fvt\ A.

By ), we find that © has & maximel element (M,<).

Uaim. M=x and = well orderc X.
For if M#X, we con chowse x€ X\M and extend < to MU§X] with m=x for al mem. Then

MVix),<)EB and (M, %)% MU4x)<), cortrary ot maximelity of M. (%\élfp@
Remark.

let & be a farmty of non-empty sevs. and lev X=UA. From (%), we know thex Y is
weu—ﬂrde/\/‘ni So fw each A€ %,define OLA) as the least element 9f A. Then 6 is a choice function of

9.

3 max. ohain 0-f M, m be the wpper pound of M ir X.
MU4R) >m.
Then m is & maximol element in X ) otherwise, AXEX, X2, then Mu‘ixj 7S Q chain ond v

6 moxime| chain
izl
Pmimdy ordered st 2 Z=1clch aman of X wre. =1l
T 2JwetE pasvicadly ordering < <

4
If © is o cham of C lchun's  charn) 5= V@ i the lub of 6. we koow that
OV xe@ XSUB. VB is an wper bownd.
ELEY obvions 2 U I tie least upper bound

U is the mayimal element .
i-e. tho maximal chain of X

Exw‘se.s

Exercise 5: 15> VSMI]X—L' T 3 T—g—>x st. f03=idyv

Choose @ weli-ontering < on X. For ye Y, define §ly)'= the least elewen of {71y).fo9 4=y



